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Abstract

This report reviews a mathematical analysis of singularities in Schwarzschild spacetime.
We provide detailed computations of curvature invariants—Ricci scalar and Kretschmann
scalar—demonstrating that the r = 2u singularity is coordinate-dependent while r =
0 represents a genuine curvature singularity.After that, a calculation of null geodesic
incompleteness is shown to prove that there exists a physical singularity at » = 0 for
Schwarzschild manifold.

1 Preliminaries

Definition 1.1 (Lorentzian Manifold). A Lorentzian manifold (M, g) is a smooth manifold M
equipped with a metric tensor g of signature (—,+,+,+); see e.g. [1, [2].

Definition 1.2 (Schwarzschild Spacetime). The Schwarzschild spacetime is given by [3] (see
also, e.g. [1,12])

M = Rx ((0,2u) U (2u,00)) x S?, (1)

g = (— (1 — 27’”‘) : <1 — 27“)_1, r?, r®sin® 9) (2)

where p > 0 is the mass parameter and we have used standard coordinates (t,r,0,¢) with the
convention G = ¢ = 1.

A curve on M is a smooth map v : I — M, where I C R is an interval. The tangent vector
field along ~ is the map T': [ — T'M given by T(A) = ~4/()\). In local coordinates (z*,...,z"),
we write y(A) = (zt(A),...,2"(\)) and

dxzt

T— 2
d\

0
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Let V be the Levi-Civita connection on M. For any vector field V' defined along ~, the
covariant derivative of V' along = is given by

DV A dx®
_— = = _— FM _— ’8
VoV (dA + 105 dAV >a”,

where ' 5 are the Christoffel symbols of the connection V.



Definition 1.3 (Christoffel Symbols). Let (M, g) be a Lorentzian manifold with metric tensor
g. The Christoffel symbols of the second kind (also called the Levi-Civita connection coefficients)
are defined in local coordinates {x*} by:

1 dg dg dg
[ — 2 pp pv 9w
w =39 (8:1:” * Oxr Oz

where g,,, are the components of the metric tensor, g™ are the components of the inverse metric
tensor, and we employ the Einstein summation convention over repeated indices.

Definition 1.4 (Geodesic). A smooth curve v : I — M 1is called a geodesic if its tangent vector
field is parallel along ~:
VT =0

Definition 1.5 (Affine Parameter). A parameter A along a curve «y is called an affine parameter
if there exists a reparameterization N = aX + b with a,b € R, a # 0, such that the tangent
vector T' = dry/d\ satisfies VT = 0.

In local coordinates,

T+
(VrT)' = —=+ I, TeT?

_ i diu + FM Ed_xﬁ
d\ \d\ Ban d\
A2t , dz® dz?
d\2 B dx d\

Since V7T = 0, each component must vanish identically. This yields the geodesic equation

A2t dz® dxP
pe G0 4T
2 el I (3)

The analysis of singularities in general relativity requires sophisticated mathematical tools
from differential geometry and global analysis [4, 5] 6] 1] (see also, e.g. [2,[7]. Unlike in classical
field theory where singularities are typically defined as points where physical quantities diverge,
in general relativity we adopt a more geometric approach based on the global structure of
spacetime.

Definition 1.6 (Time-like Geodesic). A time-like geodesic is a smooth curve ~y : I — M, where
I C R is an interval, satisfying the geodesic equation:

Viy =0
and with g(4,%) < 0 along the curve.

Definition 1.7 (Geodesic Completeness). A Lorentzian manifold (M, g) is said to be geodesi-

cally complete if every mazimal geodesic v : I — M 1is defined for all affine parameter values,
r.e., I =R.

Definition 1.8 (Geodesic Incompleteness). A Lorentzian manifold (M, g) is geodesically in-
complete if there exists an inextendible geodesic v : I — M that is not defined for all values of
the affine parameter, i.e., I C R is a proper subset of the real line.



Definition 1.9 (Inextendible Geodesic). A geodesic v : I — M 1is called inextendible if there
is no geodesic 7 : JJ — M with I C J such that 7|; = 7.

Definition 1.10 (Singular Spacetime). A spacetime (M, g) is said to be singular if it contains
at least one incomplete, inextendible geodesic. More precisely, the spacetime is singular if
either [3, [0]:

1. There exists an incomplete, inextendible time-like geodesic, or

2. There exists an incomplete, inextendible null geodesic.

Definition 1.11 (Causal Geodesic Incompleteness). A spacetime is time (resp. null)-like
geodesically incomplete if there exists a time (resp. null)-like geodesic vy : [0,a) — M (or
v : (a,0] — M) that is inextendible beyond the finite affine parameter value a.

2 Singularity Analysis: Curvature Invariants

In the case of Schwarzschild spacetime (Definition [1.2)), the metric g given by (2).

2.1 Christoffel Symbols for Schwarzschild Metric

We systematically compute all non-vanishing components:

Time component (o = t)

For I’ fw, the only non-zero component is symmetric in its lower indices:

Fir - Fit - %gtt (atg'l’t + a?"gtt - 8tgt'r)
1
= L (A 04 A1)~ 0)
= ;arf(r)

- 2f(r)

Since f(r) =1 — 2£, we have 0, f(r) = 24, yielding:

T

t _ ot M
Ftr - Frt - 7"2f(7“) (4)

Radial component (o =r)

For I} ,, we compute four distinct components:



Iy = %gw (Ot gr + 0rgrt — Org1r)
= L) (00— ,(~F(r)
= L F@an s = 1)

r2

1
F::r = 597“1“ (argrr + argrr - argrr)

= 270 (0.5 ™)

= 30 (- 0l (0)) = 5t

1
Ly = 59” (Oogor + OoGro — OrGoo)

— %f(r) (0+0—09,(r%) = —rf(r)

T 1 rr
[ = 59 (D69sr + 0pgrs — Orgss)

- %f(r) (0 +0 — 0,(r*sin® 0)) = —rf(r)sin® 0

Polar angle component (o = 0)

For I'?

s We find three non-zero components:

1
Il =19 = 5909 (Or 900 + Ongor — Oogra)

=12 (0,(r*)+0-0) = %

Y, = §g99 (06900 + 0906 — Dogss)
1
— 57“_2 (0 40 — Og(r?* sin® 8))
1
= —— .r2.2sinfcosf = —sinfcosh
2r2

Azimuthal component (o = ¢)

For I‘ij, we obtain:



1
F% = Fir = §9¢¢ (0r966 + Os9er — Ov9rs)
1

1
= 5(r_2 sin=?6) (0,(r*sin”*6) + 0 — 0) = .

1
F$¢ = Fie = §9¢¢ (8eg¢¢ + 5¢9¢9 - 8¢99¢)

1
— §(r—2 sin=?6) (Op(r*sin”6) + 0 — 0)
1
= 522 7% - 2sinf cosd = cot 6
r?sin

All other Christoffel symbols not listed here vanish identically.

2.2 Ricci Scalar

The Ricci tensor is given by R,, = R, . We compute each component using the connection

pnow
coefficients and their derivatives.

Component Ry

Ry = R}, + R?et + quﬁt
= Oy, — O,T}, + TLI, — T,
+ 0T, — 9oTip + T\Lg, — T9, T
+ 0%, — 0,1, + THT), —T9, T,
Most terms vanish due to symmetry and time independence:
Ry = -0,T :t + F:th"t + F;eFft + F;ﬁrft
=TIy, = Tily, = Tyl = 15,1, — T, T,

Simplifying and substituting f =1 — 27“, = i—’;:
/! 2 /
hea ()24

2 ro 2
_ 1 N
= 5o -
_ Lo NI
Substituting derivatives:
) 2u AP
===
: Ap 1247
ar(ff) - _7“_3 + 4
: 2 6p°
_ar(ff):_T_3+ 4
[ 2op
O



Thus:

Component R,,
R Rf"tr + Rr@r + R'rd)'r
=, — oIt + T4, Tp —THI
+ 0,15, — 0gT75 + I\, — Tg,I7,
¢ @ ¢ A ® A
+ &TW — 8¢FT¢ + Il — I‘(MFM,

Simplifying and evaluating:
B f/ ) f/
g a( ) (5) -1
()l )2 5
+ _ - . =
ror
f/l f/ 1 1 2

- w2 +Mﬂ_ﬁ_ﬁ+ﬁ_ﬁ

Substituting derivatives and simplifying:

1 N2 1\ 2 /
— 2
7 T
212 4f2  rf r2
oS AR S 2
N 412 rf r?
)
n 412 rf r?
Wlthf”———éf:
L -mEH-(8)  n
T T 4(1_2_M2 _T(l—%)_ﬁ
R+ ow o 2
B 4(1—2)° r3(1—22) 2
—i—l;+2ﬁ 24 9




Component Ry

Rog = Ry + Rpp + R&a
= 09ty — 0L + Ty — Tia Ty
+ 0pLrg — 0, Ty + Ty — T75 g
+ 89F$9 - 0¢Fg¢ + Fg,\ré\se - Fz,\rg\qs

Simplifying:
Rgg = =T, Ty — 0,15 — I7, T — Tgelhg — TeTg,
- _ <%) (—rf) = 0u(—1f) — (—%) (—=rf)—(—rf) (%) — (cot 8)(—sin @ cos )

Evaluating term by term:
/ oS
) (ﬁ)(_rf)_ of 2 M
= 0n(=rf) = 0,(rf) =f+7"f’=1—27“+27:1

f _orfy oy
(L)L,

(i) =r-1-2

— (cot 0)(—sinf cos ) = cos? 0

Summing;:
2
Rog=p+1—p+ (1— 7“) + cos? 0

2
:2——H+008249:O
r

Component R,y

By spherical symmetry:
R¢>¢> = SiH2 0 Rgg =0

Summary

All Ricci tensor components vanish identically:

Ry = R,y = Rgg = Ry = 0

The Ricci scalar consequently also vanishes:

R=g"Ry+g" Ry + 9" Rop + g°°Ryy = 0 (5)
This demonstrates that Ricci Scalar is insufficient to characterize the singularity at r = 0.
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2.3 Kretschmann Scalar

The Kretschmann scalar
K = R, ,c R""°

provides a more sensitive diagnostic. Computing the Riemann tensor components:

Riyy = 0T}, — 0,1 + Ty, — T, T

= L0 - ((—gf—f) (%»

/ 2 (f/) 1 " 1 /'
SR EE = g

Lowering the index:

_ roo_ 1 1 " 1 12 _ 1 " 1 12
thrt_grrRtrt_ f( 2ff 4f - 2f 4ff

The independent non-zero components are:

24
Rtrt'r 7”_3
2
Rigio = K <1 - _,u)
T T
H 20\
Rugs = -2 (1-2F 0
tote ” < . ) S1n
2 —1
Rr@r@ == H (1 - _:LL)
r T
p 20\
Rigro=—1—— in? 0
ore , ( , ) Sin
R9¢9¢ = 2/ﬂ“ SiIl2 0

Computing the Kretschmann scalar:

K =4 [RtrtrRtrtr + RthORtete + Rt¢t¢Rt¢t¢
+ Ry0,0R™" + R,y R7" + Rogoo R'™]

—4 (i—’;f) (F21) 267 + (<L rsin?0) (720 st o)
< ) Y + (%f‘l sin? 9)2 (f*)(r~*sin™*0)
(2ur sin® 6)? ( “H(r~*sin ™ 0)]

=4 —+—+—+”—2+“—2+4i}

|22 }




2.4 Singularity Classification

At r=2u:
48112 3
K = =—< 7
M)~ 4t = ™)
At r—0: 1842
lim K = lim /; — 00 (8)
r—0 r—0 7

This proves r = 2u is a coordinate singularity while » = 0 is a genuine curvature singularity
[2, [I]. The finiteness of K at the horizon confirms it can be removed by coordinate transfor-
mation, while its divergence at r = 0 indicates a true physical singularity where the classical
description breaks down [4].

3 Singularity Analysis: Null Geodesic Incompleteness
By Definition [I.2] the Schwarzschild metric is given by

g = (~f(), ) 2sing8), f(r) =1 2.

r

Recall that, a curve v : I — M, parametrized by A € I C R, is a radial null geodesic if it
satisfies:

1. Radial condition: §(\) =0, ¢(\) = 0, so that

2. Geodesic equation: V;¥ = 0.

3. Null condition: The tangent vector 4 = 0, + 70, satisfies
9(3.9) = = f(r)* + f(r)~'7* = 0.
From the null condition, we obtain:
—f(r)® + f(r)~hi* =0,

which implies

= f (),
so that
r=xf(r)t
Rewriting, we have: _
: T
A R
f(r)

Integrating both sides with respect to the affine parameter A\, we find:

)\' B A 7”()\)
/Aot()\)d)\—i N f(r()\))d)\’
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which, by a change of variable gives:

r(\) r
1) — t) = i/@ | %.

Substituting f(r) = 1 — 2, we compute:

dr r 21
/1_2%:/r_Zudr:/(1+r_zu)dT:r+2pln|r—2u|+C.

r(A\) — 2u H
r(No) —2u|]

It is now evident that a radial null geodesic v(A) can reach at r(\) = 2u only in an infinite
time. In contrast, 7 reach at r(A) = 0 in a finite time. This shows that the Schwarzschild

manifold M is null geodesics incomplete. In other words, the Schwarzschild spacetime is
singular at r = 0.

Thus,
t(A) —t(Xg) = £ |:(T’(>\) —7(Xo)) +2pIn
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