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1 Introduction

Kasner metric provides an exact vacuum solutions for anisotropic and spatially homogeneous cosmologies 

in general relativity. In some cosmological models, near the big-bang singularity the spatial points 

decouple and evolution of each point can be described by Kasner epoch. Hence, they provide a canonical 

local description of geometry near cosmological singularities. Kasner metric is used to model expansion 

or contraction of universes at different rate along different axes. In (3+1) dimensions, Kasner metric 

describes a homogenous universe where two directions expands while one contracts among the spatial axes 

as 𝑡 → 0. However, further analysis shows due to having three dimensional Ricci tensor makes the Kasner 

solution unstable near singularity, as shown by Belinski and Henneaux in [2]. We define cosmological 

singularity as a spacelike, time-ending (or time-beginning) singularity in which curvature invariants and 

invariant matter fields diverge on a three-dimensional manifold. [2] Kasner metric falls under Bianchi 

type I classification. However, it also acts as the asymptotic building block for more curved universes 

that fall under Bianchi type VII or IX. In these types of universes, Kasner metric manifests different 

scenarios such as gravitational turbulence and chaotic epoch near singularities.

We get the idea of spacetime being fundamentally higher dimensional from string theory. [3] In realistic 

high-energy settings motivated by string/M-theory, the early universe is rarely vacuum. The diaton scalar 

moduli and antisymmetric tensor fluxes are natural degrees of freedom in this scenario. Time dependent 

solutions are important in M-theory as the dualities act non-trivially on dynamics. When the dilaton and 

form flux are time dependent, they allow us to modify dualities from formal symmetries of stationary 

vacua into nontrivial, solution-generating constraints on dynamics. An evolving background expose how 

type II/heretoric strings and M-theory can give type IIA*, IIB*, 𝑀* (9+2) and 𝑀0(6 + 5) theories. 
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[4] Such solutions allow us to investigate holography, dual symmetries, AdS/CFT correspondence, and 

cosmological singularities and instabilities.

In [1], Sabra focuses on non-vacuum Kasner-like solutions supported by a dilaton and 𝑝-form flux. He 

proposes a model gravitation theory with arbitary rank form field coupled with dilaton scalar and presents 

a method to find static and time dependent solutions. This setup serves as a toy model for string theory: 

the dilaton scalar and the form field strength stand in for the familiar NS–NS/R–R sectors of supergravity.

In this report, we have attempted to reproduce the method introduced in [1] and find the general Kasner-

like brane solutions for three cases. Firstly, we considered a gravity theory with a form field. Then we 

took a gravity theory with an scalar field. Lastly, we used the model theory with gravity, form field and 

coupled dilaton scalar. Moreover, we have reviewed classical field theory and Einstein Hilbert action in 

Appendix A and a brief overview of differential forms in Appendix B.

2 Kasner Metric

In 3+1 dimension, we can write the metric

d𝑠2 = − d𝑡2 + 𝑡2𝑝 d𝑥2 + 𝑡2𝑞 d𝑦2 + 𝑡2𝑟 d𝑧2 (2.1)
Here

𝑔𝜇𝜈 = diag(−1, 𝑡2𝑝, 𝑡2𝑞, 𝑡2𝑟) & 𝑔𝜇𝜈 = diag(−1, 𝑡−2𝑝, 𝑡−2𝑞, 𝑡−2𝑟) (2.2)

Christoffel symbols defined as

Γ 𝜌
𝜇𝜈 = 1

2
𝑔𝑡𝜆(𝜕𝜇𝑔𝜈𝜆 + 𝜕𝜈𝑔𝜇𝜆 − 𝜕𝜆𝑔𝜇𝜈) (2.3)

Non-zero christoffel symbols has lower indices 𝜇𝜈 = 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 when upper index 𝜌 = 𝑡. And when the 

upper indices are either 𝑥, 𝑦, 𝑧, then lower indices are 𝑡𝑥, 𝑡𝑦, and 𝑡𝑧 respectively.

Γ 𝑡
𝑥𝑥 = 1

2
𝑔𝑡𝜆(𝜕𝑥𝑔𝑥𝜆 + 𝜕𝑥𝑔𝑥𝜆 − 𝜕𝜆𝑔𝑥𝑥)

= 1
2
𝑔𝑡𝑡(𝜕𝑥𝑔𝑥𝑡 + 𝜕𝑥𝑔𝑥𝑡 − 𝜕𝑡𝑔𝑥𝑥)

= 1
2
(−1)(−2𝑝𝑡2𝑝−1) = 𝑝𝑡2𝑝−1

(2.4)

Similarly, Γ 𝑡
𝑦𝑦 = 𝑞𝑡2𝑞−1 and Γ 𝑡

𝑧𝑧 = 𝑟𝑡2𝑟−1.

Γ 𝑥
𝑡𝑥 = 1

2
𝑔𝑥𝑥(𝜕𝑡𝑔𝑥𝑥 + 𝜕𝑥𝑔𝑡𝑥 − 𝜕𝑥𝑔𝑡𝑥)

= 1
2
𝑡−2𝑝(2𝑝𝑡2𝑝−1)

= 𝑝𝑡−1

(2.5)

Similarly, Γ 𝑦
𝑡𝑦 = 𝑞𝑡−1 and Γ 𝑧

𝑡𝑧 = 𝑟𝑡−1.

Now the Ricci tensor is defined as

𝑅𝜇𝜈 = 𝜕𝜎Γ 𝜎
𝜇𝜈 + Γ 𝜎

𝜅𝜎 Γ 𝜅
𝜇𝜈 − 𝜕𝜇Γ 𝜎

𝜇𝜎 − Γ 𝜎
𝜅𝜈 Γ 𝜅

𝜇𝜎 (2.6)

The non zero components are 𝑅𝑡𝑡, 𝑅𝑥𝑥, 𝑅𝑦𝑦 and 𝑅𝑧𝑧.

• 𝑅𝑡𝑡

𝑅𝑡𝑡 = −𝜕𝑡Γ 𝜎
𝑡𝜎 − Γ 𝜎

𝜅𝑡 Γ 𝜅
𝑡𝜎

= −𝜕𝑡(Γ 𝑥
𝑡𝑥 + Γ 𝑦

𝑡𝑦 + Γ 𝑧
𝑡𝑧 ) − (Γ 𝑖

𝑡𝑖 )2

= −𝑝 + 𝑞 + 𝑟
𝑡2

− 𝑝2 + 𝑞2 + 𝑟2

𝑡2

= − 1
𝑡2

(𝑝 + 𝑞 + 𝑟 − 𝑝2 − 𝑞2 − 𝑟2)

(2.7)

• 𝑅𝑥𝑥
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𝑅𝑥𝑥 = 𝜕𝜎Γ 𝜎
𝑥𝑥 + Γ 𝜎

𝜅𝜎 Γ 𝜅
𝑥𝑥 − 𝜕𝑥Γ 𝜎

𝑥𝜎 − Γ 𝜎
𝜅𝑥 Γ 𝜅

𝑥𝜎

= 𝜕𝑡Γ 𝑡
𝑥𝑥 + Γ 𝑖

𝑡𝑖 Γ 𝑡
𝑥𝑥 − 0 − 2Γ 𝑥

𝑡𝑥 Γ 𝑡
𝑥𝑥

= 𝑝(2𝑝 − 1)𝑡2𝑝−2 + 𝑝𝑡2𝑝−2(𝑝 + 𝑞 + 𝑟) − 2𝑝2𝑡2𝑝−2

= 𝑝(𝑝 + 𝑞 + 𝑟 − 1)𝑡2𝑝−2

(2.8)

Similarly,

𝑅𝑦𝑦 = 𝑞(𝑝 + 𝑞 + 𝑟 − 1)𝑡2𝑞−2 & 𝑅𝑧𝑧 = 𝑟(𝑝 + 𝑞 + 𝑟 − 1)𝑡2𝑟−2 (2.9)

Now, if we have 𝑅𝜇𝜈 = 0, then

𝑝 + 𝑞 + 𝑟 = 𝑝2 + 𝑞2 + 𝑟2 = 1 (2.10)
Hence, Kasner metric satisfies the Einstein field equations in vaccum.

2.1 General form of Kasner Metric

We can generalize the Kasner metric to arbitrary space-time dimensions and signatures. In 𝑑 dimensions

d𝑠2 = 𝜖0 d𝜏2 + ∑
𝑑−1

𝑖=1
𝜖𝑖𝜏2𝑎𝑖 d𝑥𝑖

2 (2.1.1)

with conditions

∑
𝑑−1

𝑖
𝑎𝑖 = ∑

𝑑−1

𝑖
𝑎2

𝑖 = 1 (2.1.2)

We can find the Ricci tensors

𝑅𝜏𝜏 = 1
𝜏2 ∑

𝑑−1

𝑖=1
(𝑎𝑖 − 𝑎2

𝑖 )

𝑅𝑥𝑖𝑥𝑖
= 𝜖0𝜖𝑖𝜏−2𝑎𝑖−2𝑎𝑖(1 − ∑

𝑑−1

𝑗=1
𝑎𝑗)

(2.1.3)

We get the vacuum solutions if we impose the Kasner conditions.

3 The usual suspects: three actions in [1]

3.1 𝑑-dimension gravity theory with 𝑚-form 𝐹𝑚

Action

𝑆 = ∫ d𝑑𝑥√|𝑔|(𝑅 − 𝜖
2𝑚!

𝐹 2
𝑚) (3.1.1)

In forms notation

𝑆 = ∫
𝑀

(𝑅 ⋆ 1 − 𝜖
2
𝐹 ∧ ⋆ 𝐹) (3.1.2)

We define the potential 𝐴.

𝐹𝑚 = d𝐴𝑚−1 ⇒ 𝛿𝐹 = d 𝛿𝐴 (3.1.3)
First we vary the action with respect to 𝐴

𝛿𝐴𝑆 = −𝜖
2

∫ 𝛿𝐹 ∧ ⋆ 𝐹

= −𝜖
2

∫ 𝛿𝐴 ∧ (−1)𝑝 d ⋆ 𝐹
(3.1.4)

Setting 𝛿𝐴𝑆 = 0,

d ⋆ 𝐹 = 0
⇒ 𝛁𝜇𝐹𝜇𝑣2…𝑣𝑚 = 0

⇒ 𝜕𝜇(√|𝑔|𝐹𝜇𝑣2…𝑣𝑚) = 0
(3.1.5)

This is the second equation of motion in Equation 1.11 in [1].
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Now we vary the action with respect to the metric 𝑔. The action

𝑆 = 𝑆𝐸𝐻 + 𝑆𝐹 (3.1.6)
Then

𝛿𝑆𝐸𝐻 = ∫ d𝑑𝑥√|𝑔|(𝑅𝜇𝜈 − 1
2
𝑔𝜇𝜈𝑅)𝛿𝑔𝜇𝜈 (3.1.7)

We define 𝐺𝜇𝜈 = 𝑅𝜇𝜈 − 1
2𝑔𝜇𝜈𝑅. Now

𝛿𝑆𝐹 = − 𝜖
2𝑚!

∫ d𝑑𝑥(𝛿√|𝑔|𝐹 2 + √|𝑔|𝛿𝐹 2) (3.1.8)

In Equation A.3.5 we shown,

𝛿√|𝑔| = −1
2
√|𝑔|𝑔𝜇𝜈𝛿𝑔𝜇𝜈 (3.1.9)

and

𝐹 2 = 𝐹𝜇1𝜇2…𝜇𝑚
𝛿𝐹𝜇1…𝜇𝑚 (3.1.10)

We write

𝛿𝐹𝜇1𝜇2…𝜇𝑚 = ∑
𝑚

𝑘=1
(∏

𝑗≠𝑘
𝑔𝜇𝑗𝜈𝑗)𝛿𝑔𝜇𝑘𝜈𝑘𝐹𝜈1…𝜈𝑚

𝛿𝐹 2 = ∑
𝑚

𝑘=1
𝐹𝜇1𝜇2…𝜇𝑚

∏
𝑗≠𝑘

𝑔𝜇𝑗𝜈𝑗𝛿𝑔𝜇𝑘𝜈𝑘𝐹𝜈1…𝜈𝑚

(3.1.11)

The first term 𝑘 = 1
𝐹𝜇1𝜇2…𝜇𝑚

𝑔𝜇2𝜈2…𝑔𝜇𝑚𝜈𝑚𝛿𝑔𝜇1𝜈1𝐹𝜈1…𝜈𝑚
= 𝛿𝑔𝜇1𝜈1𝐹𝜇1…𝜇𝑚

𝐹  𝜇2…𝜇𝑚𝜈1

= 𝛿𝑔𝜇𝜈𝐹𝜇𝛼2…𝛼𝑚
𝐹  𝛼2…𝛼𝑚𝜈

(3.1.12)

Since there are 𝑚 similar terms, then

𝛿𝐹 2 = 𝑚𝐹𝜇𝛼2…𝛼𝑚
𝐹  𝛼2…𝛼𝑚𝜈 𝛿𝑔𝜇𝜈 (3.1.13)

Hence

𝛿𝑆𝐹 = − 𝜖
2𝑚!

∫ d𝑑𝑥√|𝑔|[−1
2
𝑔𝜇𝜈𝐹 2 + 𝑚𝐹𝜇𝛼2…𝛼𝑚

𝐹  𝛼2…𝛼𝑚𝜈 ]𝛿𝑔𝜇𝜈 (3.1.14)

We know stress energy tensor

𝑇𝜇𝜈 ≡ − 1
√|𝑔|

𝛿𝑆𝐹
𝛿𝑔𝜇𝜈

= 𝜖
2
[ 1
(𝑚 − 1)!

𝐹𝜇𝛼2…𝛼𝑚
𝐹  𝛼2…𝛼𝑚𝜈 − 1

2𝑚!
𝑔𝜇𝜈𝐹 2]

(3.1.15)

Taking the trace

𝑇 = 𝑔𝜇𝜈𝑇𝜇𝜈 = 𝜖
2
[ 1
(𝑚 − 1)!

𝐹𝜇𝛼2…𝛼𝑚
𝐹𝜇𝛼2…𝛼𝑚 − 1

2𝑚!
𝑔𝜇𝜈𝑔𝜇𝜈𝐹 2]

= 𝜖
2
[ 1
(𝑚 − 1)!

𝐹 2 − 𝑑
2𝑚!

𝐹 2]

= 𝜖
2
(2𝑚 − 𝑑

2𝑚!
𝐹 2)

(3.1.16)

We know the traced reverse Einstein equation

𝑅𝜇𝜈 = 𝑇𝜇𝜈 − 1
𝑑 − 2

𝑔𝜇𝜈𝑇

= 𝜖[ 1
2(𝑚 − 1)!

𝐹𝜇𝛼2…𝛼𝑚
𝐹  𝛼2…𝛼𝑚𝜈 − 𝑔𝜇𝜈𝐹 2 1

𝑑 − 2
( 1

4𝑚!
+ 2𝑚 − 𝑑

4𝑚!
)]

= 𝜖[ 1
2(𝑚 − 1)!

𝐹𝜇𝛼2…𝛼𝑚
𝐹  𝛼2…𝛼𝑚𝜈 − 𝑔𝜇𝜈𝐹 2 𝑚 − 1

2𝑚!(𝑑 − 2)
]

(3.1.17)

This is the first equation of motion in Equation 1.11 from [1].
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3.2 Kasner backgrounds for this action

We use Equation (2.1.1) as the metric ansatz and we take 𝑚-form to be

𝐹𝑚 = 𝑃 d𝑥1 ∧ … ∧ d𝑥𝑚 . (3.2.1)
Here 𝐹𝑥𝑖…𝑥𝑚

= 𝑃 . Then

𝐹 2 = 𝑚!𝑔𝑥1𝑥1…𝑔𝑥𝑚𝑥𝑚𝐹 2
𝑥1…𝑥𝑚

= 𝑚! ∏
𝑚

𝑖=1
𝜖𝑖𝜏−2𝑎𝑖𝑃 2

= 𝑚!𝐸𝜏−2 ∑𝑚
𝑖 𝑎𝑖𝑃 2

(3.2.2)

with 𝐸 = 𝜖1…𝜖𝑚. And for 𝑖 ≤ 𝑚
𝐹𝑥𝑖𝑎2…𝑎𝑚

𝐹  𝑎2…𝑎𝑚𝑥𝑖
= (𝑚 − 1)!𝑃𝑔𝑎2𝑎2…𝑔𝑎𝑚𝑎𝑚𝐹𝑥𝑖𝑎2…𝑎𝑚

= (𝑚 − 1)!𝑝2 ∏
𝑚

𝑘=1,𝑘≠𝑖
𝜖𝑘𝜏−2𝑎𝑘

= (𝑚 − 1)!𝑃 2 𝐸
𝜖𝑖

𝜏−2(∑𝑚
𝑘 𝑎𝑘−𝑎𝑖)

(3.2.3)

The Einstein equations become for 𝜇 = 𝜈 = 𝜏

𝑅𝜏𝜏 = −𝜖𝑔𝜏𝜏
𝑚 − 1

2𝑚!(𝑑 − 2)
𝐹 2

1
𝜏2 ∑

𝑑−1

𝑖=1
(𝑎𝑖 − 𝑎2

𝑖 ) = −𝜖𝜖0
𝑚 − 1

2(𝑑 − 2)
𝐸𝑃 2𝜏−2 ∑𝑚

𝑖 𝑎𝑖

(3.2.4)

Matching the power of 𝜏

∑
𝑚

𝑖=1
𝑎𝑖 = 1 (3.2.5)

Then we have

∑
𝑑−1

𝑖=1
(𝑎𝑖 − 𝑎2

𝑖 ) = −𝜖𝜖0𝐸
𝑚 − 1

2(𝑑 − 2)
𝑃 2 (3.2.6)

Now, we consider the space component of Ricci tensor. The 𝑥𝑖 indices run to 𝑑 − 1. Let consider 𝑖 ≤
𝑚 case.

𝑅𝑥𝑖𝑥𝑖
= 𝜖(1

2
𝑃 2 𝐸

𝜖𝑖
𝜏−2(1−𝑎𝑖) − 𝑚 − 1

2(𝑑 − 2)
𝜖𝑖𝐸𝑃 2𝜏2𝑎𝑖−2)

𝜖0𝑎𝑖(1 − ∑
𝑑−1

𝑗=1
𝑎𝑗) = 𝜖

2
𝐸𝑃 2 𝑑 − 𝑚 − 1

𝑑 − 2
𝜏2𝑎𝑖−2

(3.2.7)

The right hand side is independent of 𝑖. Hence, for 𝑖 ≤ 𝑚, we get all 𝑎𝑖 to be equal.

∑
𝑚

𝑖=1
𝑎𝑖 = 1 ⇒ 𝑎1 = 𝑎2 = … = 𝑎𝑚 = 1

𝑚
= 𝐴 (3.2.8)

Again, if we consider 𝑖 ≥ 𝑚 case

𝑅𝑥𝑖𝑥𝑖
= − 𝜖𝜖𝑖𝐸

2(𝑑 − 2)
(𝑚 − 1)𝑃 2𝜏2𝑎𝑖−2

𝜖0𝑎𝑖(1 − ∑
𝑑−1

𝑗=1
𝑎𝑗) = −𝜖

2
𝐸𝑚 − 1

𝑑 − 2
𝑃 2

(3.2.9)

Here, all 𝑎𝑖 should be equal as well.

𝑎𝑚+1 = 𝑎𝑚+2 = … = 𝑎𝑑−1 = 𝐵 (3.2.10)
Then, the ratio of Equation (3.2.9) and Equation (3.2.7)
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𝐴
𝐵

= −𝑑 − 𝑚 − 1
𝑚 − 1

⇒ 𝐵 = − 𝑚 − 1
𝑚(𝑑 − 𝑚 − 1)

(3.2.11)

Now, we have

∑
𝑑−1

𝑗=1
= ∑

𝑚

𝑗=1
𝑎𝑗 + ∑

𝑑−1

𝑗=𝑚+1
𝑎𝑗 = 𝑚 1

𝑚
− (𝑑 − 1 − 𝑚) 𝑚 − 1

𝑚(𝑑 − 𝑚 − 1)
= 1

𝑚
(3.2.12)

If we put the values into Equation (3.2.7)

𝜖0
1

𝑚(1 − 1
𝑚)

= 𝜖
2
𝐸𝑃 2 𝑑 − 𝑚 − 1

𝑑 − 2

⇒ 𝑃 2 = 2𝜖𝜖0𝜖1…𝜖𝑚
(𝑚 − 1)(𝑑 − 2)
𝑚2(𝑑 − 𝑚 − 1)

(3.2.13)

Hence we found the solutions for the equations of motion.

3.3 𝑑-dim gravity with a dynamic scalar field

We can write the action

𝑆 = ∫ d𝑑𝑥√|𝑔|(𝑅 − 1
2
𝜕𝜇𝜙𝜕𝜇𝜙) (3.3.1)

First we vary with respect to 𝜙

𝛿𝜙𝑆 = − ∫ d𝑑𝑥√|𝑔|𝜕𝜇𝜙𝜕𝜇 𝛿𝜙

= − ∫ d𝑑𝑥[𝜕𝜇(√|𝑔|𝜕𝜇𝜙𝛿𝜙) − 𝜕𝜇(√|𝑔|𝜕𝜇𝜙)𝛿𝜙]

= ∫ d𝑑𝑥 𝜕𝜇(√|𝑔|𝜕𝜇𝜙)𝛿𝜙 (dropping the boundary term)

(3.3.2)

Hence, extremizing the action

𝜕𝜇(√|𝑔|𝜕𝜇𝜙) = 0 (3.3.3)

This is the equation of motion for scalar field.

Now, we vary with respect to the metric. The Einstein-Hilbert action part gives

𝛿𝑔𝑆𝐸𝐻 = ∫ d𝑑𝑥(𝑅 − 1
2
𝑔𝜇𝜈𝑅)𝛿𝑔𝜇𝜈 (3.3.4)

The scalar field part gives

𝛿𝑔𝑆𝜙 = −1
2

∫ d𝑑𝑥𝛿(√|𝑔|𝑔𝜇𝜈)𝜕𝜇𝜙𝜕𝜈𝜙 (3.3.5)

We have

𝛿(√|𝑔|𝑔𝜇𝜈) = √|𝑔|(𝛿𝑔𝜇𝜈 − 1
2
𝑔𝜇𝜈𝑔𝛼𝛽𝛿𝑔𝛼𝛽) (3.3.6)

Then

𝛿𝑔𝑆𝜙 = ∫ d𝑑𝑥
√|𝑔|

2
[−𝜕𝜇𝜙𝜕𝜈𝜙 + 1

2
𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜇𝜙]𝛿𝑔𝜇𝜈 (3.3.7)

Hence, the stress energy tensor

𝑇𝜇𝜈 = − 1
√|𝑔|

𝛿𝑔𝑆𝜙

𝛿𝑔𝜇𝜈

= 1
2
𝜕𝜇𝜙𝜕𝜈𝜙 − 1

4
𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜇𝜙

(3.3.8)

Now trace
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𝑇 = 𝑔𝜇𝜈𝑇𝜇𝜈 = 1
2
𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑑

4
𝜕𝜇𝜙𝜕𝜇𝜙 = 2 − 𝑑

4
𝜕𝜇𝜙𝜕𝜇𝜙 (3.3.9)

Trace reversed Einstein equation

𝑅𝜇𝜈 = 𝑇𝜇𝜈 − 1
𝑑 − 2

𝑔𝜇𝜈𝑇

= 1
2
𝜕𝜇𝜙𝜕𝜈𝜙 − (1

4
− 𝑑 − 2

4(𝑑 − 2)
)𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜇𝜙

= 1
2
𝜕𝜇𝜙𝜕𝜈𝜙

(3.3.10)

This is the second equation of motion.

3.4 Kasner background for this action

We take Equation (2.1.1) as our metric ansatz. We have

|𝑔| = |𝜖0𝜖1…𝜖𝑑−1|𝜏2 ∑𝑑−1
𝑖 𝑎𝑖 ⇒ √|𝑔| = 𝐶𝜏∑𝑑−1

𝑖 𝑎𝑖 (3.4.1)
We have the Ricci tensors

𝑅𝜏𝜏 = 1
2

̇𝜙2 (3.4.2)

and

𝑅𝑥𝑖𝑥𝑖
= 0 ⇒ ∑

𝑑−1

𝑖
𝑎𝑖 = 1 (3.4.3)

This is one of the vacuum condition for Kasner metric. We consider 𝜙 = 𝜙(𝜏), and write

𝜕𝜏(√|𝑔|𝜕𝜏𝜑) = 𝜕𝜏(𝐶𝜏𝑔𝜏𝜏𝜕𝜏𝜙) = 𝜖0𝐶𝜕𝜏(𝜏𝜕𝜏𝜙) = 0 ⇒ 𝜏 ̇𝜙 = 𝑑1 (3.4.4)

𝜙 = 𝑑1 ln 𝜏 + 𝑑2 (3.4.5)
Now,

𝑅𝜏𝜏 = 1
𝜏2 ∑

𝑑−1

𝑖
(𝑎𝑖 − 𝑎2

𝑖 ) = 1
2

𝑑2
1

𝜏2

⇒ 𝑑2
1
2

+ ∑
𝑑−1

𝑖
𝑎2

𝑖 = 1
(3.4.6)

If 𝑑1 = 0, then we would get both of the Kasner vacuum conditions. In that case, 𝜙 would become 

constant.

3.5 𝑑-dim gravity with 𝑚-form field 𝐹𝑚 and a dilaton scalar 𝜙 coupled to 

the field

The action

𝑆 = ∫ d𝑑𝑥√|𝑔|(𝑅 − 1
2
𝜕𝜇𝜙𝜕𝜇𝜙 − 𝜖

2𝑚!
𝑒𝛽𝜙𝐹 2

𝑚) (3.5.1)

The coupled 𝑚-form field

1
𝑚!

𝐹 2
𝑚 = 1

𝑚!
𝐹𝜇1…𝜇𝑚

𝐹𝜇1…𝜇𝑚 = 𝐹 ∧ ⋆ 𝐹 (3.5.2)

and

𝐹𝑚 = d𝐴𝑚−1 (3.5.3)
Then the action

𝑆𝐹 = −𝜖
2

∫ 𝑒𝛽𝜙𝐹 ∧ ⋆ 𝐹 (3.5.4)

Varying the action gives

d(𝑒𝛽𝜙 ⋆ 𝐹) = 0

𝜕𝜇(√|𝑔|𝑒𝛽𝜙𝐹𝜇𝜈2…𝜈𝑚) = 0
(3.5.5)
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This is the second equation of motion in Eq 2.27 from [1].

Now we vary with respect the the scalar field. The action

𝑆𝜙 = −1
2

∫ d𝑑𝑠√|𝑔|𝜕𝜇𝜙𝜕𝜇𝜙 − 𝜖
2𝑚!

∫ d𝑑𝑥√|𝑔|𝑒𝛽𝜙𝐹 2 (3.5.6)

Varying the first part gives us

𝛿𝜙𝑆1
𝜙 = ∫ d𝑑𝑥√|𝑔|𝜕𝜇𝜕𝜇𝜙 𝛿𝜙 (3.5.7)

and the second part

𝛿𝜙𝑆2
𝜙 = − 𝜖

2𝑚!
∫ d𝑑𝑥√|𝑔|𝛽𝑒𝛽𝜙𝐹 2 𝛿𝜙 (3.5.8)

Hence, least action principle gives

1
√|𝑔|

𝜕𝜇(√|𝑔|𝜕𝜇𝜙) = − 𝛽𝜖
2𝑚!

𝑒𝛽𝜙𝐹𝜇1…𝜇𝑚
𝐹𝜇1…𝜇𝑚 (3.5.9)

This is the third equation in Eq 2.27 from [1].

Now, we vary with respect to the metric. The Einstein Hilbert part gives

𝛿𝑔𝑆𝐸𝐻 = ∫ d𝑑𝑥√|𝑔|(𝑅 − 1
2
𝑔𝜇𝜈𝑅)𝛿𝑔𝜇𝜈 (3.5.10)

the scalar field part gives

𝛿𝑔𝑆𝜙 = ∫ d𝑑𝑥
√|𝑔|

2
[−𝜕𝜇𝜙𝜕𝜈𝜙 + 1

2
𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜇𝜙]𝛿𝑔𝜇𝜈 (3.5.11)

then

𝑅𝜙
𝜇𝜈 = 1

2
𝜕𝜇𝜙𝜕𝜈𝜙 (3.5.12)

The coupled form part gives

𝛿𝑔𝑆𝐹𝜙 = − 𝜖
2𝑚!

∫ d𝑑𝑥√|𝑔|𝑒𝛽𝜙[−1
2
𝑔𝜇𝜈𝐹 2 + 𝑚𝐹𝜇𝛼2…𝛼𝑚

𝐹  𝛼2…𝛼𝑚𝜈 ]𝛿𝑔𝜇𝜈 (3.5.13)

then

𝑅𝐹
𝜇𝜈 = 𝜖𝑒𝛽𝜙[ 1

2(𝑚 − 1)!
𝐹𝜇𝛼2…𝛼𝑚

𝐹  𝛼2…𝛼𝑚𝜈 − 𝑔𝜇𝜈𝐹 2 𝑚 − 1
2𝑚!(𝑑 − 2)

] (3.5.14)

Hence, the ricci tensor

𝑅𝜇𝜈 = 𝑅𝜙
𝜇𝜈 + 𝑅𝐹

𝜇𝜈

= 1
2
𝜕𝜇𝜙𝜕𝜈𝜙 + 𝜖𝑒𝛽𝜙

2(𝑚 − 1)!
[𝐹𝜇𝛼2…𝛼𝑚

𝐹  𝛼2…𝛼𝑚𝜈 − 𝑔𝜇𝜈𝐹 2 𝑚 − 1
𝑚(𝑑 − 2)

]
(3.5.15)

This is the first equation of motion in Eq 2.27 from [1].

4 Kasner-like brane solutions

Sabra proposes a generic metric solution

d𝑠2 = 𝑒2𝑈(𝜏)(𝜖0 d𝜏2 + ∑
𝑝

𝑖=1
𝜖𝑖𝜏2𝑎𝑖 d𝑥𝑖

2) + 𝑒2𝑉 (𝜏)( ∑
𝑑−1

𝑗=𝑝+1
𝜖𝑗𝜏2𝑎𝑗 d𝑥𝑗

2) (4.1)

here 𝜖, 𝜖𝑖, 𝜖𝑗 = ±1 and 𝑎𝑖, 𝑎𝑗 are constants. We have 𝑑 = 𝑝 + 𝑞 + 1 and the Ricci tensors are

𝑅𝜏𝜏 = −𝑞 ̈𝑉 − 𝑝𝑈̈ − 𝑞 ̇𝑉 ( ̇𝑉 − ̇𝑈) − 1
𝜏
((𝑠 − 𝑙) ̇𝑈 + 2𝑙 ̇𝑉 ) − 1

𝜏2 ∑
𝑑−1

𝑘=1
(𝑎2

𝑘 − 𝑎𝑘), (4.2)

𝑅𝑥𝑖𝑥𝑖
= −𝜖0𝜖𝑖𝜏2𝑎𝑖[𝑈̈ − 𝑎𝑖

𝜏2 + ( ̇𝑈 + 𝑎𝑖
𝜏

)((𝑝 − 1) ̇𝑈 + 𝑞 ̇𝑉 + 𝑙 + 𝑠
𝜏

)], (4.3)

and

𝑅𝑥𝑗𝑥𝑗
= −𝜖0𝜖𝑗𝑒2𝑉 −2𝑈𝜏2𝑎𝑗[ ̈𝑉 −

𝑎𝑗

𝜏2 + ( ̇𝑉 +
𝑎𝑗

𝜏
)(𝑞 ̇𝑉 + (𝑝 − 1) ̇𝑈 + 𝑙 + 𝑠

𝜏
)]. (4.4)
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We take the following definitions and assumptions.

𝑙 = ∑
𝑑−1

𝑗=𝑝+1
𝑎𝑗, 𝑠 = ∑

𝑝

𝑖=1
𝑎𝑖 (4.5)

The Kasner condition implies 𝑙 + 𝑠 = 1. Moreover, we impose

𝑉 = −𝑝 − 1
𝑞

𝑈. (4.6)

Now we can simplify the Ricci tensors.

𝑅𝜏𝜏 = −𝑈̈ − [1 − 2(𝑑 − 2
𝑞

)𝑙]
̇𝑈

𝜏
− (𝑝 − 1)(𝑑 − 2)

𝑞
̇𝑈2, (4.7)

𝑅𝑥𝑖𝑥𝑖
= −𝜖0𝜖𝑖𝜏2𝑎𝑖(𝑈̈ +

̇𝑈
𝜏

), (4.8)

𝑅𝑥𝑗𝑥𝑗
= 𝜀0𝜀𝑗𝑒

22−𝑑
𝑞 𝑈𝜏2𝑎𝑗

𝑝 − 1
𝑞

(𝑈̈ +
̇𝑈

𝜏
). (4.9)

Now we take our form ansatz

𝐹𝑝 = 𝑃 d𝑥1 ∧ … ∧ d𝑥𝑝 (4.10)

We compute

𝐹 2 = 𝑝!𝑃 2(𝜖1…𝜖𝑝)𝑒−2𝑝𝑈𝜏−2𝑠 (4.11)

and

𝐹𝑥𝑖𝑎2…𝑎𝑝
𝐹  𝑎2…𝑎𝑝

𝑥𝑖
= (𝑝 − 1)!𝑃 2 𝜖1…𝜖𝑝

𝜖𝑖
𝑒−2(𝑝−1)𝑈𝜏−2(𝑠−𝑎𝑖) (4.12)

4.1 Gravity theory with 𝑚-form

Our action in Equation (3.1.2) gives equations of motion Equation (3.1.5) and Equation (3.1.17). We write

𝑅𝑥𝑖𝑥𝑖
= 𝑒−2(𝑝−1)𝑈𝜏−2(𝑠−𝑎𝑖)[

𝜖𝜖𝑖𝜖1𝜖𝑝

2
𝑃 2 𝑞

𝑑 − 2
]

⇒ 𝑈̈ +
̇𝑈

𝜏
= −𝜖𝜖0𝜖1…𝜖𝑝𝑃 2 𝑞

2(𝑑 − 2)
𝑒2(1−𝑝)𝑈𝜏−2𝑠

(4.1.1)

and

𝑅𝜏𝜏 = 𝑝 − 1
𝑞

(𝑈̈ +
̇𝑈

𝜏
)

⇒ 𝑈̈ − [1 − 2(𝑑 − 2
𝑞

)𝑙]
̇𝑈

𝜏
− (𝑝 − 1)(𝑑 − 2)

𝑞
̇𝑈2 = 𝑝 − 1

𝑞
(𝑈̈ +

̇𝑈
𝜏

)

⇒ 𝑈̈ + (1 − 2𝑙)
̇𝑈

𝜏
+ (𝑝 − 1) ̇𝑈2 = 0

(4.1.2)

This is a nonlinear differential equation. To solve this, we take

𝑊 = 𝑒(𝑝−1)𝑈

⇒ (𝑝 − 1) ̇𝑈 = 𝑊̇
𝑊

⇒ 𝑈̈ + (𝑝 − 1) ̇𝑈2 = 𝑊̈
𝑊(𝑝 − 1)

(4.1.3)

Then the differential equation becomes
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𝑊̈ − 1 − 2𝑙
𝜏

𝑊̇ = 0

⇒ 𝑊̇ = 𝑎1𝜏1−2𝑙

⇒ 𝑊 = 𝑎1
2𝑙

𝜏2𝑙 + 𝑎2 = 𝑐1𝜏2𝑙 + 𝑐2

⇒ 𝑒𝑈 = (𝑐1 + 𝑐2𝜏2𝑙)
1

𝑝−1

(4.1.4)

Therefore

𝑈 = 1
𝑝 − 1

ln(𝑐1 + 𝑐2𝜏2𝑙) (4.1.5)

Then

̇𝑈 = 1
𝑝 − 1

1
𝑐1 + 𝑐2𝜏2𝑙 2𝑐2𝑙𝜏2𝑙−1

𝑈̈ = 1
𝑝 − 1

[2𝑐2𝑙(2𝑙 − 1)𝜏2𝑙−2

𝑐2𝜏2𝑙 + 𝑐1
− 4𝑐2

2𝑙2𝜏4𝑙−2

(𝑐1 + 𝑐2𝜏2𝑙)2 ]
(4.1.6)

Then we can write

𝑈̈ +
̇𝑈

𝜏
= 4𝑙2𝑐1𝑐2𝜏2𝑙−2

(𝑝 − 1)𝑊 2 (4.1.7)

Now using Equation (4.1.1)

𝑈̈ +
̇𝑈

𝜏
= −𝜖𝜖0𝜖1…𝜖𝑝𝑃 2 𝑞

2(𝑑 − 2)
𝑒2(1−𝑝)𝑈𝜏−2𝑠

8(𝑑 − 2)𝑙2𝑐1𝑐2
(𝑝 − 1)𝑞

+ 𝜖𝜖0𝜖1…𝜖𝑝𝑃 2 = 0.
(4.1.8)

Thus we found solutions for 𝑈(𝜏), 𝑉 (𝜏) and 𝑃 .

4.2 Gravity theory with 𝑚-form and a coupled dilaton scalar

The action in Equation (3.5.1) gives us the equations of motion

𝑅𝜇𝜈 = 1
2
𝜕𝜇𝜙𝜕𝜈𝜙 + 𝜖𝑒𝛽𝜙

2(𝑝 − 1)!
[𝐹𝜇𝛼2…𝛼𝑝

𝐹  𝛼2…𝛼𝑝
𝜈 − 𝑔𝜇𝜈𝐹 2 𝑝 − 1

𝑝(𝑑 − 2)
]

𝜕𝜇(√|𝑔|𝑒𝛽𝜙𝐹𝜇𝜈2…𝜈𝑝) = 0

1
√|𝑔|

𝜕𝜇(√|𝑔|𝜕𝜇𝜙) = − 𝛽
2𝑝!

𝜖𝑒𝛽𝜙𝐹𝜇1…𝜇𝑝
𝐹𝜇1…𝜇𝑝

(4.2.1)

Now we can put the flux and metric ansatz into them and get

𝑅𝑥𝑖𝑥𝑖
= 𝜖𝑒𝛽𝜙

2(𝑝 − 1)!
[(𝑝 − 1)!𝐸𝜖𝑖𝑃 2𝑒−2(𝑝−1)𝑈𝜏−2(𝑠−𝑎𝑖) − 𝑝 − 1

𝑝(𝑑 − 2)
𝑝!𝑔𝑥𝑖𝑥𝑖

𝑃 2𝐸𝑒−2𝑝𝑈𝜏−2𝑠]

⇒ −𝜖0𝜖𝑖𝜏2𝑎𝑖(𝑈̈ +
̇𝑈

𝜏
) = 𝑞

2(𝑑 − 2)
𝜖𝜖𝑖𝜖1…𝜖𝑝𝑃 2𝑒−2𝑈(𝑝−1)𝜏−2(𝑠−𝑎𝑖)𝑒𝛽𝜙

⇒ 𝑈̈ +
̇𝑈

𝜏
= − 𝑞

2(𝑑 − 2)
𝑗

(4.2.2)

here

𝑗 = 𝜖0𝜖𝜖1…𝜖𝑝𝑃 2𝑒−2𝑈(𝑝−1)+𝛽𝜙𝜏−2𝑠. (4.2.3)

And

𝑅𝜏𝜏 = 1
2

̇𝜙2 − 𝜖𝜖𝑖𝜖0𝐸𝑃 2𝑒𝛽𝜙 𝑝 − 1
2(𝑑 − 2)

𝑒−2𝑈(𝑝−1)𝜏−2𝑠

= 1
2

̇𝜙2 − 𝑝 − 1
2(𝑑 − 2)

𝑗
(4.2.4)

11
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Now, we write the third equation using √|𝑔| = 𝐶𝑒2𝑈𝜏
1

𝐶𝑒2𝑈𝜏
𝜕𝜏(𝐶𝑒2𝑈𝜏𝜖0𝑒−2𝑈𝜕𝜏𝜙) = 𝛽

2𝑝!
𝜖𝑒𝛽𝜙𝑝!𝑃 2(𝜖1…𝜖𝑝)𝑒−2𝑝𝑈𝜏−2𝑠

⇒ 𝑒−2𝑈

𝜏
𝜖0(𝜏 ̈𝜙 + ̇𝜙) = 𝛽

2
𝜖𝜖1…𝜖𝑝𝑒−2𝑝𝑈+𝛽𝜙𝜏−2𝑠

⇒ ̈𝜙 +
̇𝜙

𝜏
= 𝛽

2
𝜖𝜖0𝜖1…𝜖𝑝𝑒−2𝑈(𝑝−1)+𝛽𝜙𝜏−2𝑠

⇒ ̈𝜙 +
̇𝜙

𝜏
= 𝛽

2
𝑗

(4.2.5)

Now, using Equation (4.2.5) and Equation (4.2.2)

𝑈̈ +
̇𝑈

𝜏
= − 𝑞

𝛽(𝑑 − 2)
( ̈𝜙 +

̇𝜙
𝜏

)

⇒ 𝜙 = −𝛽(𝑑 − 2)
𝑞

𝑈

(4.2.6)

We can write

𝑒−2𝑈(𝑝−1)+𝛽𝜙 = 𝑒−2𝜇𝑈 (4.2.7)
with 𝜇 = 𝑝 − 1 + (𝑑 − 2)𝛽2

2𝑞 .

Then Equation (4.2.2) becomes

𝑈̈ +
̇𝑈

𝜏
= −𝜖𝜖0𝜖1…𝜖𝑝

𝑞
2(𝑑 − 2)

𝑃 2𝑒−2𝜇𝑈𝜏−2𝑠 (4.2.8)

Now, we write Equation (4.2.4)

𝑈̈ − [1 − 2(𝑑 − 2
𝑞

)𝑙]
̇𝑈

𝜏
− (𝑝 − 1)(𝑑 − 2)

𝑞
̇𝑈2 = 1

2
(𝛽(𝑑 − 2)

𝑞
)

2
̇𝑈2 − 𝑝 − 1

𝑞
(𝑈̈ +

̇𝑈
𝜏

)

⇒ 𝑈̈ +
̇𝑈

𝜏
(1 − 2𝑙) + ̇𝑈2𝜇 = 0

(4.2.9)

This non linear differential equation has the same form that we solved earlier in Equation (4.1.2). Hence 

the solution is

𝑒𝑈 = (𝑐1 + 𝑐2𝜏2𝑙)
1
𝜇 (4.2.10)

We can write

𝑈̈ +
̇𝑈

𝜏
= 4𝑙2𝑐1𝑐2𝜏2𝑙−2

𝜇𝑒2𝜇𝑈 (4.2.11)

Now putting this back to Equation (4.2.8), we get

4𝑙2𝑐1𝑐2𝜏2𝑙−2

𝜇𝑒2𝜇𝑈 + 𝜖𝜖0𝜖1…𝜖𝑝
𝑞

2(𝑑 − 2)
𝑃 2𝑒−2𝜇𝑈𝜏−2𝑠 = 0

𝑃 2 + 𝜖𝜖0𝜖1…𝜖𝑝𝑐1𝑐2
8(𝑑 − 2)𝑙2

𝜇
= 0

(4.2.12)

Hence, we found expressions for 𝜙, 𝑈 and 𝑃 .

5 Towards more general solutions

We consider the metric ansatz

d𝑠2 = 𝑒𝛼(𝑡)(− d𝑡2 +𝑒𝛾1(𝑡) d𝑥1
2 +𝑒𝛾2(𝑡) d𝑥2

2 +𝑒𝛾3(𝑡) d𝑥3
2) (5.1)

with scalar 𝜙(𝑡) and a two form flux

𝐹2 = 𝑓1(𝑥)𝑞1(𝑡) d𝑡 ∧ d𝑥1 +𝑓2(𝑥)𝑞2(𝑡) d𝑡 ∧ d𝑥2 +𝑓3(𝑥)𝑞3(𝑡) d𝑡 ∧ d𝑥3

+𝑔1(𝑥)ℎ1(𝑡) d𝑥1 ∧ d𝑥2 +𝑔2(𝑥)ℎ2(𝑡) d𝑥2 ∧ d𝑥3 +𝑔3(𝑥)ℎ3(𝑡) d𝑥3 ∧ d𝑥1
(5.2)

Here, the metric

12
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𝑔𝜇𝜈 = diag(−𝑒𝛼, 𝑒𝛼+𝛾1 , 𝑒𝛼+𝛾2 , 𝑒𝛼+𝛾3) (5.3)

and

√|𝑔| = 𝑒2𝛼+1
2(𝛾1+𝛾2+𝛾3) (5.4)

The non-zero Ricci tensor

𝑅𝑡𝑡 = −3
2

̈𝛼 − 1
2

∑
𝑖

̈𝛾𝑖 − 1
4

∑
𝑖

̇𝛾2
𝑖 − 1

4
̇𝛼 ∑

𝑖
̇𝛾𝑖 (5.5)

𝑅𝑥𝑖𝑥𝑖
= 𝑒𝛾𝑖

2
[ ̈𝛼 + ̈𝛾𝑖 + ̇𝛼2 + ̇𝛼(1

2
∑

𝑗
̇𝛾𝑗 + ̇𝛾𝑖) + 1

2
̇𝛾𝑖 ∑

𝑗
̇𝛾𝑗] (5.6)

and the mixed components give zero.

Two form flux

Now, we consider the flux ansatz. The non zero components are 𝐹0𝑖 = 𝑓𝑖𝑞𝑖, 𝐹12 = 𝑔1ℎ1, 𝐹23 =
𝑔2ℎ2, and 𝐹31 = 𝑔3ℎ3. Raising the indices using the metric gives

𝐹 0𝑖 = −𝑒−2𝛼−𝛾𝑖𝑓𝑖𝑞𝑖 & 𝐹 12 = 𝑒−2𝛼−𝛾1−𝛾2𝑔1ℎ1 (5.7)
Then, we can compute

𝐹 2 = 2[− ∑
𝑖

𝑒−2𝛼−𝛾𝑖(𝑓𝑖𝑞𝑖)
2 + 𝑒−2𝛼−𝛾1−𝛾2(𝑔3ℎ3)

2 + 𝑒−2𝛼−𝛾2−𝛾3(𝑔1ℎ1)
2 + 𝑒−2𝛼−𝛾3−𝛾1(𝑔2ℎ2)

2] (5.8)

𝐹0𝜌𝐹
𝜌

0 = ∑
𝑖

𝑒−𝛼−𝛾𝑖(𝑓𝑖𝑞𝑖)
2 (5.9)

and

𝐹1𝜌𝐹
𝜌

1 = −𝑒−𝛼−𝛾1(𝑓1𝑞1)
2 + 𝑒−𝛼−𝛾2(𝑔3ℎ3)

2 + 𝑒−𝛼−𝛾3(𝑔2ℎ2)
2 (5.10)

𝐹2𝜌𝐹
𝜌

2 = −𝑒−𝛼−𝛾2(𝑓2𝑞2)
2 + 𝑒−𝛼−𝛾3(𝑔1ℎ1)

2 + 𝑒−𝛼−𝛾1(𝑔3ℎ3)
2 (5.11)

𝐹3𝜌𝐹
𝜌

3 = −𝑒−𝛼−𝛾3(𝑓3𝑞3)
2 + 𝑒−𝛼−𝛾1(𝑔2ℎ2)

2 + 𝑒−𝛼−𝛾2(𝑔1ℎ1)
2 (5.12)

Variation of action

Our action is

𝑆 = ∫ d4𝑥 √|𝑔|(𝑅 − 1
2
𝜕𝜇𝜙𝜕𝜇𝜙 − 𝜀

4
𝑒𝛽𝜙𝐹 2) (5.13)

Varying the action, we get the equation of motions

𝑅𝜇𝜈 = 1
2
𝜕𝜇𝜙𝜕𝜈𝜙 + 𝜀𝑒𝛽𝜙

2
(𝐹𝜇𝜌𝐹 𝜌

𝜈 − 1
4
𝑔𝜇𝜈𝐹 2) (5.14)

𝜕𝜇(√|𝑔|𝑒𝛽𝜙𝐹𝜇𝜈) = 0 (5.15)

1
√|𝑔|

𝜕𝜇(√|𝑔|𝜕𝜇𝜙) = 𝛽𝜀
4

𝑒𝛽𝜙𝐹 2 (5.16)

Flux coefficients

Equation (5.15) gives us the constraints on 𝑓(𝑥), 𝑞(𝑡), 𝑔(𝑥), and ℎ(𝑡).
• Taking 𝜈 = 𝑖

𝜕𝑡(𝑒𝛽𝜙+1
2 ∑𝑖 𝛾𝑖−𝛾𝑖𝑓𝑖𝑞𝑖) + 𝜕𝑥1

(𝑒𝛽𝜙+1
2 ∑𝑖 𝛾𝑖−𝛾2−𝛾1𝑠12) +

𝜕𝑥2
(𝑒𝛽𝜙+1

2 ∑𝑖 𝛾𝑖−𝛾3−𝛾2𝑠23) + 𝜕𝑥3
(𝑒𝛽𝜙+1

2 ∑𝑖 𝛾𝑖−𝛾1−𝛾3𝑠31) = 0
(5.17)

here 𝑠12 = 𝑔1ℎ1, 𝑠23 = 𝑔2ℎ2, 𝑠31 = 𝑔3ℎ3

• Taking 𝜈 = 0

∑
𝑖

𝜕𝑥𝑖
(𝑒𝛽𝜙+1

2 ∑𝑖 𝛾𝑖−𝛾𝑖𝑓𝑖𝑞𝑖) = 0 (5.18)

This requires 𝑓(𝑥) to be a constant. It follows from Equation (5.17)

13
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𝜕𝑡(𝑒𝛽𝜙+1
2 ∑𝑖 𝛾𝑖−𝛾𝑖𝑓𝑖𝑞𝑖) = 0 & 𝜕𝑥𝑗

𝑠𝑖𝑗 = 0 (𝑖 ≠ 𝑗) (5.19)

This implies, 𝑔𝑘, ℎ𝑘 to be constants and

𝑞𝑖(𝑡) = 𝑄𝑖𝑒−𝛽𝜙−1
2 ∑𝑖 𝛾𝑖+𝛾𝑖 (5.20)

Equation of motions

Now, we introduce a set of new variables and assumptions to simplify our system of equation. First, we 

fix the time gauge 𝛼(𝑡) = 0 and consider 𝑋 = 1
2 ∑𝑖 𝛾𝑖. Then the metric becomes √|𝑔| = 𝑒𝑋.

Now the Equation (5.16) becomes

̈𝜙 + 𝑋̇ ̇𝜙 = 𝜀𝛽
2

𝑒𝛽𝜙[− ∑
𝑖

𝑒−𝛾𝑖𝑞2
𝑖 + 𝑒−𝛾1−𝛾2 + 𝑒−𝛾2−𝛾3 + 𝑒−𝛾3−𝛾1] (5.21)

Equation (5.14) becomes

𝑅𝑡𝑡 = 1
2

̇𝜙2 + 𝜀
2
𝑒𝛽𝜙[1

2
∑

𝑖
𝑒−𝛾𝑖𝑞2

𝑖 + 1
2
(𝑒−𝛾1−𝛾2 + 𝑒−𝛾2−𝛾3 + 𝑒−𝛾3−𝛾1)]

−𝑋̈ − 1
4

∑
𝑖

̇𝛾2
𝑖 = 1

2
̇𝜙2 + 𝜀

2
𝑒𝛽𝜙[1

2
∑

𝑖
𝑒−𝛾𝑖𝑞2

𝑖 + 1
2
(𝑒−𝛾1−𝛾2 + 𝑒−𝛾2−𝛾3 + 𝑒−𝛾3−𝛾1)]

(5.22)

and

𝑅𝑖𝑖 = 𝜀𝑒𝛽𝜙

2
(𝐹𝑖𝜌𝐹

𝜌
𝑖 − 1

4
𝑔𝑖𝑖𝐹 2)

𝑒𝛾𝑖[1
2

̈𝛾𝑖 + 1
2

̇𝛾𝑖𝑋̇] = 𝜀𝑒𝛽𝜙

2
[−𝑒−𝛾𝑖𝑞2

𝑖 + 𝑒−𝛾𝑗 + 𝑒−𝛾𝑘

+1
2
(− ∑

𝑚
𝑒𝛾𝑖−𝛾𝑚𝑞2

𝑚 + 𝑒𝛾𝑖−𝛾1−𝛾2 + 𝑒𝛾𝑖−𝛾2−𝛾3 + 𝑒𝛾𝑖−𝛾3−𝛾1)]

(5.23)

Comments

The EOMs have four unknowns 𝜙, 𝛾1, 𝛾2, 𝛾3. We have four second-order differential equations here. Thus, 

without further constraints, it is not always possible to find closed-form solutions for the unknowns. Also, 

since we have a coupled system, it is not possible to separate the variables. To solve the system, we might 

need to impose further conditions. We can consider the isotropic case 𝛾1 = 𝛾2 = 𝛾3 and also all the 𝑄𝑖 to 

be equal. Moreover, if we take 𝑞𝑖 to be zero, we should be able to recover the Kasner-like solutions. But 

in this current format and considering anisotropy, we are uncertain about the solvability of the EOMs.

6 Discussion

In this report, we have explicitly derived time dependent and static solutions for generalised Kasner 

metric anstaz including matter fields–form flux and coupled dilaton. We found closed form solutions for 

dilaton scalar, the form, and the metric coefficients. Then we attempted an even general metric in hopes 

of finding non-power law solutions. However, we were not able to derive closed form solution for this case.

The action of primary importance in our work is Equation (3.5.1). This action is a model for bosonic 

fields of many supergravity theories. We found non-trivial solution for it. This method can be extended 

to derive solutions for theories of type IIA, type IIA*, type IIB, type IIB*, and type IIB’ supergravity 

theories. In [4], Hull has presented a list of these theories with corresponding time signatures and signs 

for kinetic gauge terms.

Significance of working with Kasner dynamics is it provides an unifying language to deal with many 

different problems since they give an exact description of anisotropic expansion which work across 

dimensions. In [5], Apers, and Conlon, and Mosny discuss kination in 4D early universe cosmology. The 

expansion due to kinetic energy of rolling moduli is defined as kination. It has an interpretation in 10D as 

14
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a Kasner background. The 4D scale factor 𝛼 ∝ 𝑡1
3  and the evolving moduli uplifts to a higher dimensional 

Kasner metric with rolling dilaton. Another interesting result in [5] is how 10D perturbations around the 

Kasner background map to 4D matter perturbations in the kination phase, indicating that information 

can pass back and forth between the 10D and 4D pictures in a controlled way. Sugiyama, Yamamoto, and 

Kobayashi show in [6] that Kasner branes can be used to study quantum fields and gravitational waves in 

anisotropic universes. Moreover, Andriot, Cribiori and Riet find that in higher dimensional string theory, 

rolling solutions supported by fluxes and module naturally give rise to Kasner-like time scaling. [7] The 

authors reviews the scale separation and show that static solutions face strong no-go theorems. However, 

the Kasner branes provide a way around to the no-go barriers.
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A Review

A.1 Lagrangian Formalism

If we define positions of 𝑁  particles with coordinates 𝑥𝐴 where 𝐴 = 1, …, 3𝑁 . Here, the number of degrees 

of freedom is 3𝑁 , which forms a configuration space 𝐶. Each point in 𝐶 represents the position of all 𝑁  

particles, and the time evolution of a particle is a curve in 𝐶.

We write the Lagrangian as

𝐿(𝑥𝐴, ̇𝑥𝐴) = 𝑇( ̇𝑥𝐴) − 𝑉 (𝑥𝐴) A.1.1
Here 𝑇( ̇𝑥𝐴) = 1

2 ∑𝐴 𝑚𝐴 ̇𝑥𝐴 is the kinetic energy and 𝑉  is the potential energy.

Now we consider all smooth paths 𝑥𝐴(𝑡) in C with fixed endpoints so that

𝑥𝐴(𝑡𝑖) = 𝑥𝐴
𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑛𝑑 𝑥𝐴(𝑡𝑓) = 𝑥𝐴

𝑓𝑖𝑛𝑎𝑙 A.1.2

We can define a functional called action

𝑆[𝑥𝐴(𝑡)] = ∫
𝑡𝑓

𝑡𝑖

𝐿(𝑥𝐴, ̇𝑥𝐴) d𝑡 A.1.3

Principle of Least Action Theorem 1.1.1

The actual path taken by the system is an extremum of 𝑆.

Proof: If we vary the given path slightly

𝑥𝐴(𝑡) → 𝑥𝐴(𝑡) + 𝛿𝑥𝐴(𝑡) A.1.4
and we fix the end points by 𝛿𝑥𝐴(𝑡𝑖) = 𝛿𝑥𝐴(𝑡𝑓) = 0. Then
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𝛿𝑆 = ∫
𝑡𝑓

𝑡𝑖

𝛿𝐿 d𝑡

= ∫
𝑡𝑓

𝑡𝑖

[ 𝜕𝐿
𝜕𝑥𝐴 𝛿𝑥𝐴 + 𝜕𝐿

𝜕 ̇𝑥𝐴 𝛿 ̇𝑥𝐴] d𝑡

= ∫
𝑡𝑓

𝑡𝑖

[ 𝜕𝐿
𝜕𝑥𝐴 𝛿𝑥𝐴 + 𝜕

𝜕𝑡
( 𝜕𝐿

𝜕 ̇𝑥𝐴 𝛿𝑥𝐴) − 𝜕
𝜕𝑡

( 𝜕𝐿
𝜕 ̇𝑥𝐴 )𝛿𝑥𝐴] d𝑡

= ∫
𝑡𝑓

𝑡𝑖

d𝑡[ 𝜕𝐿
𝜕𝑥𝐴 − 𝜕

𝜕𝑡
( 𝜕𝐿

𝜕 ̇𝑥𝐴 )]𝛿𝑥𝐴 + [ 𝜕
𝜕𝑡

( 𝜕𝐿
𝜕 ̇𝑥𝐴 )𝛿𝑥𝐴]

𝑡𝑓

𝑡𝑖

A.1.5

Since 𝛿𝑆 = 0

∴ 𝜕𝐿
𝜕𝑥𝐴 − 𝜕

𝜕𝑡
( 𝜕𝐿

𝜕 ̇𝑥𝐴 ) = 0 A.1.6

These are the Euler-Lagrange equations.

We can get Newton’s equation from this. We know

̇𝑝𝐴 = − 𝜕𝑉
𝜕𝑥𝐴 A.1.7

where 𝑝𝐴 = 𝑚𝐴 ̇𝑥𝐴.

Then, Newton’s equation follows from the E-L equations

− 𝜕𝑉
𝜕𝑥𝐴 − 𝜕

𝜕𝑡
( 𝜕𝑇

𝜕 ̇𝑥𝐴 ) = 0

⇒ − 𝜕𝑉
𝜕𝑥𝐴 = 𝜕

𝜕𝑡
(𝑚𝐴 ̇𝑥𝐴) = ̇𝑝𝐴

A.1.8

A.2 Classical Field Theory

We shift from generalised coordinates 𝑞𝑎(𝑡) to defining fields at every point of space and time. The 

dynamics of fields are described by

𝜑𝑎( ⃗𝑥, 𝑡) A.2.1
where 𝑎 and ⃗𝑥 are both labels. This gives rise to an infinite number of degrees of freedom in field theory.

We can write the Lagrangian

𝐿(𝑡) = ∫ d3𝑥 ℒ︀(𝜑𝑎, 𝜕𝜇𝜑𝑎) A.2.2

ℒ︀ is called the Lagrangian density. We write the action

𝑆 = ∫ d4𝑥ℒ︀ A.2.3

If we vary the action

𝛿𝑆 = ∫ d4𝑥[ 𝜕ℒ︀
𝜕𝜑𝑎

𝛿𝜑𝑎 + 𝜕ℒ︀
𝜕(𝜕𝑢𝜑𝑎)

𝛿(𝜕𝜇𝜑𝑎)]

= ∫ d4𝑥[ 𝜕ℒ︀
𝜕𝜑𝑎

𝛿𝜑𝑎 +𝜕𝜇( 𝜕ℒ︀
𝜕(𝜕𝜇𝜑𝑎)

𝛿𝜑𝑎) − 𝜕𝜇( 𝜕ℒ︀
𝜕(𝜕𝜇𝜑𝑎)

) 𝛿𝜑𝑎]

= ∫ d4𝑥[ 𝜕ℒ︀
𝜕𝜑𝑎

− 𝜕𝜇( 𝜕ℒ︀
𝜕(𝜕𝜇𝜑𝑎)

)] 𝛿𝜑𝑎 +𝜕𝜇( 𝜕ℒ︀
𝜕(𝜕𝜇𝜑𝑎)

𝛿𝜑𝑎)

A.2.4

With the boundary conditions 𝛿𝜑𝑎( ⃗𝑥, 𝑡𝑖) = 𝛿𝜑𝑎( ⃗𝑥, 𝑡𝑓) = 0 the last term vanishes. And to satisfy the least 

action principle 𝛿𝑆 = 0, we get the Euler-Lagrange equations

𝜕ℒ︀
𝜕𝜑𝑎

− 𝜕𝜇( 𝜕ℒ︀
𝜕(𝜕𝜇𝜑𝑎)

) = 0 A.2.5
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Klein-Gordon Equation

The Lagrangian for a real scalar field 𝜑( ⃗𝑥, 𝑡)

ℒ︀ = 1
2
𝜂𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 − 1

2
𝑚2𝜑2 A.2.6

here, 𝜂𝜇𝜈 = 𝜂𝜇𝜈 = diag(1, −1, −1, −1). Now we have

𝜕ℒ︀
𝜕𝜑

= −𝑚2𝜑 & 𝜕ℒ︀
𝜕(𝜕𝜇𝜑)

= 𝜕𝜇𝜑 = (𝜑̇, −∇𝜑) A.2.7

Then the E-L equation

𝜕𝜇𝜕𝜇𝜑 + 𝑚2𝜑 = 0

𝜑̈ − ∇2𝜑 + 𝑚2𝜑 = 0
A.2.8

This is the Klein-Gordon Equation.

Maxwell’s Equation

Maxwell’s Lagrangian

ℒ︀ = −1
2
(𝜕𝜇𝐴𝜈)(𝜕𝜇𝐴𝜈) + 1

2
(𝜕𝜇𝐴𝜇)2 A.2.9

We define the field strength 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇, where 𝐴𝜇( ⃗𝑥, 𝑡) = (𝜑, ⃗𝐴) Then we can write

𝐹𝜇𝜈𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈𝜕𝜇𝐴𝜈 − 𝜕𝜇𝐴𝜈𝜕𝜈𝐴𝜇 − 𝜕𝜈𝐴𝜇𝜕𝜇𝐴𝜈 + 𝜕𝜈𝐴𝜇𝜕𝜈𝐴𝜇

= 2𝜕𝜇𝐴𝜈𝜕𝜇𝐴𝜈 − 2𝜕𝜇𝐴𝜈𝜕𝜈𝐴𝜇

= 2𝜕𝜇𝐴𝜈𝜕𝜇𝐴𝜈 − 2𝜂𝜇𝜈𝜕𝜇𝐴𝜇𝜂𝛼𝜈𝜕𝛼𝐴𝜇

= 2𝜕𝜇𝐴𝜈𝜕𝜇𝐴𝜈 − 2𝜕𝜇𝐴𝜇𝜕𝜇𝐴𝜇

A.2.10

Hence,

ℒ︀ = −1
4
𝐹𝜇𝜈𝐹𝜇𝜈 A.2.11

Now, we can derive Maxwell’s equations using the field strength tensor. The electric and magnetic field

𝐸𝑖 = 𝐹0𝑖 & 𝐵𝑖 = 1
2
𝜀𝑖𝑗𝑘𝐹 𝑗𝑘 A.2.12

Then

⃗𝐸 = −𝛁𝜑 − 𝜕 ⃗𝐴
𝜕𝑡

A.2.13

and

𝐵𝑖 = 1
2
𝜀𝑖𝑗𝑘(𝜕𝑗𝐴𝑘 − 𝜕𝑘𝐴𝑗)

= 1
2
𝜀𝑖𝑗𝑘𝜕𝑗𝐴𝑘 − 1

2
𝜀𝑖𝑗𝑘𝜕𝑘𝐴𝑗

= 1
2
𝜀𝑖𝑗𝑘𝜕𝑗𝐴𝑘 + 1

2
𝜀𝑖𝑗𝑘𝜕𝑗𝐴𝑘

= (𝛁 × 𝐴)𝑖

A.2.14

Then, using vector identities 𝛁 · (𝛁 × 𝐴) = 0 and 𝛁 × (𝛁𝐴) = 0, we get, Gauss and Faraday’s laws

𝛁 · 𝐵 = 0 A.2.15
and

𝜕𝐵
𝜕𝑡

= 𝛁 × 𝜕 ⃗𝐴
𝜕𝑡

= 𝛁 × (−𝐸 − 𝛁𝜑)

= −𝛁 × 𝐸

A.2.16

Now the E-L equation
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𝜕𝜇( 𝜕ℒ︀
𝜕(𝜕𝜇𝐴𝜈)

) = −𝜕𝜇𝜕𝜇𝐴𝜈 + 𝜕𝜈𝜕𝜇𝐴𝜇 = −𝜕𝜇𝐹𝜇𝜈 = 0 A.2.17

This follows

𝛁 · 𝐸 = 0 A.2.18
and

(𝛁 × 𝐵)𝑖 = 𝜀𝑖𝑗𝑘𝜕𝑗𝐵𝑘

= 𝜕𝑗𝜀𝑖𝑗𝑘
1
2
𝜀𝑘𝑎𝑏𝐹 𝑎𝑏

= 𝜕𝑗
1
2
𝜀𝑖𝑗𝑘𝜀𝑎𝑏𝑘𝐹 𝑎𝑏

= 𝜕𝑗
1
2
(𝛿𝑖𝑎𝛿𝑗𝑏 − 𝛿𝑖𝑏𝛿𝑗𝑎)𝐹 𝑎𝑏

= 𝜕𝑗
1
2
(𝐹 𝑖𝑗 − 𝐹 𝑗𝑖)

= −𝜕𝑗𝐹 𝑗𝑖

= 𝜕𝑗𝐹𝑗𝑖

A.2.19

Setting 𝑗 = 0,

𝛁 × 𝐵 = 𝜕𝐸
𝜕𝑡

A.2.20

Hence, we derived all four Maxwell’s equations in vacuum.

A.3 Einstein-Hilbert Action

We can write the action

𝑆 = ∫ d4𝑥√−𝑔𝑅 A.3.1

here 𝑔 ≡ det(𝑔𝜇𝜈) and Ricci scalar 𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈 .

If we vary the action

𝛿𝑆 = ∫ d4𝑥[𝛿√−𝑔 𝑔𝜇𝜈𝑅𝜇𝜈 + √−𝑔 𝛿𝑔𝜇𝜈 𝑅𝜇𝜈 + √−𝑔𝑔𝜇𝜈 𝛿𝑅𝜇𝜈] A.3.2

here the last term is a total derivative 𝑔𝜇𝜈 𝛿𝑅𝜇𝜈 = ∇𝜇𝑋𝜇, hence we can ignore that term.

Now we know that any diagonalizable matrix 𝑀  satisfies the identity

ln det(𝑀) = Tr(ln 𝑀)

⇒ 1
det 𝑀

𝛿 det 𝑀 = Tr( 1
𝑀

𝛿𝑀)
A.3.3

Taking 𝑀 = 𝑔𝜇𝜈 and det 𝑔𝜇𝜈 = 𝑔
𝑔−1 𝛿𝑔 = 𝑔𝜇𝜈 𝛿𝑔𝜇𝜈 A.3.4

Hence

𝛿√−𝑔 = 1
2√−𝑔

𝛿𝑔

= 1
2√−𝑔

𝑔𝑔𝜇𝜈 𝛿𝑔𝜇𝜈

= −
√−𝑔

2
𝑔𝜇𝜈 𝛿𝑔𝜇𝜈

A.3.5

Hence, the variation of action

𝛿𝑆 = ∫ d4𝑥√−𝑔(−1
2
𝑔𝜇𝜈𝑅 + 𝑅𝜇𝜈) 𝛿𝑔𝜇𝜈 A.3.6

Following the least action principle, we get
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𝐺𝜇𝜈 ≡ 𝑅𝜇𝜈 − 1
2
𝑔𝜇𝜈𝑅 = 0 A.3.7

This is the Einstein equation in vacuum where 𝐺𝜇𝜈 is the Einstein tensor.

B Differential Forms

We attempt to provide a brief overview of differential forms based on Eguchi, Gilkey, and Hanson in [8].

Differential Forms Definition 2.1

Differential forms are the totally antisymmetric covariant tensor fields.

Wedge Product Definition 2.2

We define the wedge product or exterior product as the antisymmetric tensor product of basis 

elements of cotangent space.

d𝑥 ∧ d𝑦 = 1
2
(d𝑥 ⊗ d𝑦 − d𝑦 ⊗ d𝑥) = − d𝑦 ∧ d𝑥 B.1

By definition

d𝑥 ∧ d𝑥 = 0 B.2

The wedge product has the following properties.

• Linearity

𝛼𝑝 ∧ (𝑎𝛽𝑞 + 𝑏𝛾𝑟) = 𝑎(𝛼𝑝 ∧ 𝛽𝑞) + 𝑏(𝛼𝑝 ∧ 𝛾𝑟) B.3

• Associativity

𝛼𝑝 ∧ (𝛽𝑞 ∧ 𝛾𝑟) = (𝛼𝑝 ∧ 𝛽𝑞) ∧ 𝛾𝑟 B.4

• Graded Commutativity

𝛼𝑝 ∧ 𝛽𝑞 = (−1)𝑝𝑞𝛽𝑞 ∧ 𝛼𝑝 B.5

p-forms Definition 2.3

We define a p-from as

𝛼 = 1
𝑝!

𝛼𝜇1…𝜇𝑝
d𝜇1 ∧ … ∧ d𝜇𝑝 B.6

Exterior Derivative Definition 2.4

The exterior derivative is a linear map such that it takes a p form to (p+1) form

d : Λ𝑝 → Λ𝑝+1 B.7
We define

d𝛼 = 1
𝑝!

𝜕[𝜈𝛼𝜇1…𝜇𝑝] d𝑥𝜈 ∧ d𝑥𝜇1 ∧ … ∧ d𝑥𝜇𝑝 B.8

We can write the components of d𝛼 as

d𝛼 = 1
(𝑝 + 1)!

(d𝛼)𝜇1…𝜇𝑝+1
d𝑥𝜇1 ∧ … ∧ d𝑥𝜇𝑝+1 B.9

We have

(d𝛼)𝜇1…𝜇𝑝+1
= (𝑝 + 1)𝜕[𝜇1

𝛼𝜇2…𝜇𝑝+1] B.10

It has the following properties

• Leibniz rule

d(𝑓𝑔) = 𝑓 d𝑔 + 𝑔 d𝑓 B.11
• ℝ linearity

19



Internship Report Section 8: Differential Forms

d(𝑎𝑓 + 𝑏𝑔) = 𝑎 d𝑓 + 𝑏 d𝑔 B.12
• Nilpotency

d d𝛼 = 0 B.13
Proof.

d d𝛼 = 1
(𝑝 + 2)!

(d d𝛼)𝜇1…𝜇𝑝+2
d𝑥𝜇1 ∧ … ∧ d𝑥𝜇𝑝+2

= 1
(𝑝 + 2)!

(𝑝 + 2)(𝑝 + 1)𝜕[𝜇1
𝜕𝜇2

𝛼𝜇3…𝜇𝑝+2] d𝑥𝜇1 ∧ … ∧ d𝑥𝜇𝑝+2

= 1
𝑝!

𝜕[𝜇1
𝜕𝜇2]𝛼𝜇3…𝜇𝑝+2

d𝑥𝜇1 ∧ … ∧ d𝑥𝜇𝑝+2

B.14

Now

𝜕[𝜇1
𝜕𝜇2] = 1

2
(𝜕𝜇1

𝜕𝜇2
− 𝜕𝜇2

𝜕𝜇1
) = 0 B.15

Hence,

d d𝛼 = 0 B.16
• Exterior derivative of wedge products of a p-form and a q-form is

d(𝛼𝑝 ∧ 𝛽𝑞) = d𝛼𝑝 ∧ 𝛽𝑞 + (−1)𝑝𝛼𝑝 ∧ d𝛽𝑞 B.17

The dimension of the space of p-forms and (n-p)-form is the same. This tells us there exists a duality 

between them.

Hodge Star Definition 2.5

We define the hodge star or the duality transformation as

⋆ : Λ𝑝 → Λ𝑛−𝑝 B.18
In a flat euclidean space

⋆ (d𝑥𝑖1 ∧ … ∧ d𝑥𝑖𝑝) = 1
(𝑛 − 𝑝)!

𝜀𝑖1𝑖2…𝑖𝑝𝑖𝑝+1…𝑖𝑛
d𝑥𝑖𝑝+1 ∧ … ∧ d𝑥𝑖𝑛 B.19

Repeating the ⋆ operator on a p-form gives

⋆ ⋆ 𝛼 = (−1)𝑝(𝑛−𝑝)𝛼 B.20
Proof.

⋆ 𝛼 = 1
𝑝!(𝑛 − 𝑝)!

𝛼𝜇1…𝜇𝑝
𝜀𝜇1…𝜇𝑝𝜇𝑝+1…𝜇𝑛

d𝑥𝜇𝑝+1 ∧ … ∧ d𝑥𝜇𝑛

⋆ ⋆ 𝛼 = 1
𝑝!(𝑛 − 𝑝)!

𝛼𝜇1…𝜇𝑝
𝜀𝜇1…𝜇𝑝𝜇𝑝+1…𝜇𝑛

1
𝑝!

𝜀𝜇𝑝+1…𝜇𝑛𝜇1…𝜇𝑝
d𝑥𝜇1 ∧ … ∧ d𝑥𝜇𝑝

= 1
𝑝!(𝑛 − 𝑝)!

𝜀𝜇1…𝜇𝑝𝜇𝑝+1…𝜇𝑛
𝜀𝜇𝑝+1…𝜇𝑛𝜇1…𝜇𝑝

𝛼

= 1
𝑝!(𝑛 − 𝑝)!

𝜀𝜇1…𝜇𝑝𝜇𝑝+1…𝜇𝑛
(−1)𝑝(𝑛−𝑝)𝜀𝜇1…𝜇𝑝𝜇𝑝+1…𝜇𝑛

𝛼

= (−1)𝑝(𝑛−𝑝) 1
𝑝!(𝑛 − 𝑝)!

(𝑛 − 𝑝)!𝛿𝜇1…𝜇𝑝
𝜇1…𝜇𝑝

𝛼

= (−1)𝑝(𝑛−𝑝) 1
𝑝!

𝑝!𝛼

= (−1)𝑝(𝑛−𝑝)𝛼

B.21

□
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Inner Product Definition 2.6

We define the inner product as integral

(𝛼𝑝, 𝛽𝑝) = ∫
𝑀

𝛼𝑝 ∧ ⋆ 𝛽𝑝 B.22

It has following property

(𝛼𝑝, 𝛽𝑝) = (𝛽𝑝, 𝛼𝑝) B.23

where

𝛼𝑝 ∧ ⋆ 𝛽𝑝 = 𝛽𝑝 ∧ ⋆ 𝛼𝑝 B.24

Adjoint of Exterior Derivative Definition 2.7

We define the adjoint of d as

𝛿 = (−1)𝑛𝑝+𝑛+1 ⋆ d ⋆ B.25
The adjoint derivative reduces the degree of the differential form by one unit.

𝛿 : Λ𝑝 → Λ𝑝−1 B.26

Then we can show

(𝛼𝑝, d𝛽𝑝−1) = (𝛿𝛼𝑝, 𝛽𝑝−1) B.27

Proof. We know

d(𝛼𝑝 ∧ 𝛽𝑞) = d𝛼𝑝 ∧ 𝛽𝑝 + (−1)𝑝𝛼𝑝 ∧ d𝛽𝑞

d(𝛽𝑝−1 ∧ ⋆ 𝛼𝑝) = d𝛽𝑝−1 ∧ ⋆ 𝛼𝑝 + (−1)𝑝−1𝛽𝑝−1 ∧ d ⋆ 𝛼𝑝
B.28

Now, if we integrate

∫
𝑀

d(𝛽𝑝−1 ∧ ⋆ 𝛼𝑝) = 0

∫
𝑀

d𝛽𝑝−1 ∧ ⋆ 𝛼𝑝 = − ∫
𝑀

(−1)𝑝−1𝛽𝑝−1 ∧ d ⋆ 𝛼𝑝

(d𝛽𝑝−1, 𝛼𝑝) = ∫
𝑀

(−1)𝑝𝛽𝑝−1 ∧ d ⋆ 𝛼𝑝

B.29

Now

⋆ ⋆ (d ⋆ 𝛼𝑝) = (−1)(𝑛−𝑝+1)(𝑛−𝑛+𝑝−1) d ⋆ 𝛼𝑝

d ⋆ 𝛼𝑝 = (−1)(𝑝−1)(𝑛−𝑝+1) ⋆ ⋆ (d ⋆ 𝛼𝑝)
B.30

Using this result, we find

(𝛼𝑝, d𝛽𝑝−1) = (−1)𝑝+(𝑝−1)(𝑛−𝑝+1) ∫
𝑀

𝛽𝑝−1 ∧ ⋆ (⋆ d ⋆ 𝛼𝑝)

= (−1)𝑛(𝑝+1)+1(𝛽𝑝−1, ⋆ d ⋆ 𝛼𝑝)

= (𝛿𝛼𝑝, 𝛽𝑝−1)

B.31

here, 𝑝 + (𝑝 − 1)(𝑛 − 𝑝 + 1) = 𝑝 + 𝑝𝑛 − 𝑝2 + 𝑝 − 𝑛 + 𝑝 − 1 = 𝑛(𝑝 + 1) + 1 (mod 2) □

The adjoint derivative can be expressed as a covariant derivative.

(⋆ d ⋆ 𝐹)𝑖2…𝑖𝑝
= (−1)𝑝(𝑛−𝑝)+𝑝−1∇𝛼𝐹𝛼𝑖2…𝑖𝑝

B.32

Proof. We take

⋆ 𝐹𝑖𝑝+1…𝑖𝑛
= 1

𝑝!
𝜀𝑖𝑝+1…𝑖𝑛𝑗1…𝑗𝑝

𝐹𝑗1…𝑗𝑝
B.33

Now, if we take the exterior derivative
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(d ⋆ 𝐹)𝛼𝑖𝑝+1…𝑖𝑛
= (𝑛 − 𝑝 + 1)𝜕[𝛼(⋆ 𝐹)𝑖𝑝+1…𝑖𝑛]

= 𝑛 − 𝑝 + 1
𝑝!

𝜀𝑖𝑝+1…𝑖𝑛𝑗1…𝑗𝑝
𝜕[𝛼𝐹𝑗1…𝑗𝑝]

B.34

Now taking the Hodge star again

(⋆ d ⋆ 𝐹)𝑖1…𝑖𝑝−1
= 1

(𝑛 − 𝑝 + 1)!
𝜀𝑖1…𝑖𝑝−1𝛼𝑖𝑝+1…𝑖𝑛

(d ⋆ 𝐹)𝛼𝑖𝑝+1…𝑖𝑛

= 𝑛 − 𝑝 + 1
𝑝!(𝑛 + 𝑝)!

𝜀𝑖1…𝑖𝑝−1𝛼𝑖𝑝+1…𝑖𝑛
𝜀𝑖𝑝+1…𝑖𝑛𝑗1…𝑗𝑝

𝜕𝛼𝐹𝑗1…𝑗𝑝

= 1
𝑝!(𝑛 − 𝑝)!

(−1)𝑝(𝑛−𝑝)𝜀𝑖𝑝+1…𝑖𝑛𝑖1…𝑖𝑝−1𝛼𝜀𝑖𝑝+1…𝑖𝑛𝑗1…𝑗𝑝
𝜕𝛼𝐹𝑗1…𝑗𝑝

= 1
𝑝!(𝑛 − 𝑝)!

(−1)𝑝(𝑛−𝑝)(−1)𝑝−1𝜀𝑖𝑝+1…𝑖𝑛𝛼𝑖1…𝑖𝑝−1
𝜀𝑖𝑝+1…𝑖𝑛𝑗1…𝑗𝑝

𝜕𝛼𝐹𝑗1…𝑗𝑝

= 1
𝑝!(𝑛 − 𝑝)!

(−1)𝑝(𝑛−𝑝)+𝑝−1(𝑛 − 𝑝)!𝛿𝑗1…𝑗𝑝𝛼𝑖1…𝑖𝑝−1
𝜕𝛼𝐹𝑗1…𝑗𝑝

= (−1)𝑝(𝑛−𝑝)+𝑝−1 1
𝑝!

𝑝!𝜕𝛼𝐹𝛼𝑖1…𝑖𝑝−1

= (−1)𝑝(𝑛−𝑝)+𝑝−1𝜕𝛼𝐹𝛼𝑖1…𝑖𝑝−1

B.35

□

Equivalently, we can write

𝛿𝐹𝑖2…𝑖𝑛
= (−1)𝑛∇𝛼𝐹𝛼𝑖2…𝑖𝑛

B.36

Action of a p-form

We can write the action of a p-form

𝑆 = ∫
𝑀

𝐹 ∧ ⋆ 𝐹 B.37

We define the field strength p-form

𝐹𝑝 = d𝐴𝑝−1 B.38

We get the Bianchi identity

d𝐹𝑝 = d d𝐴𝑝−1 = 0 B.39

Now, if we vary it

𝛿𝐹 = d(𝛿𝐴) B.40
Varying the action gives us

𝛿𝑆 = ∫
𝑀

𝛿𝐹 ∧ ⋆ 𝐹 = ∫
𝑀

d(𝛿𝐴 ∧ ⋆ 𝐹) − (−1)𝑝−1 𝛿𝐴 ∧ d(⋆ 𝐹) = ∫
𝑀

𝛿𝐴 ∧ [(−1)𝑝 d ⋆ 𝐹 ] B.41

From least action principle

𝛿𝑆 = 0 ⇒ (−1)𝑝 d ⋆ 𝐹 = 0 B.42
Hence, the equation of motions

d ⋆ 𝐹 = 0 B.43
We can write the Einstein-Hilbert action as

𝑆 = ∫
ℳ︀

𝑅 ⋆ 1 B.44
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