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1. Introduction

The Kazhdan-Lusztig theory is an important topic in representation theory that links
algebra, geometry and combinatorics. Introduced by David Kazhdan and George
Lusztig in 1979 in their publication titled “Representations of Coxeter Groups and Hecke
Algebras”, the theory centers on the construction of a unique basis of the Hecke Algebra
called the Kazhdan-Lusztig basis. We then see how the Hecke Algebra acts on this basis
using W-graphs, which encodes the representation theory of the Hecke Algebra.

In this report, we discuss the three main theorems from “Representations of Coxeter
Groups and Hecke Algebras”. The first theorem proves the uniqueness and existence of
the Kazhdan-Lusztig basis. In their paper, Kazhdan-Lusztig mention two equivalent
definitions of the Kazhdan-Lusztig basis. Since their proof of Theorem 1 focuses on the
original definition, we have chosen to re-prove it using the alternative definition.
Theorem 2 was proved essentially the same was as the authors, with further
explanations where deemed necessary. Although this report does not include a proof of
Theorem 3, it provides an detailed example to illustrate how it works.

We begin by reviewing the necessary preliminaries.
1.1. Coxeter System

A Coxeter System is a pair (W, .S) where W is the Coxeter group and S C W is the set of
simple reflections which generate W such that:

W={(seS|s*=1,(st)"™t = 1;Vs,t € S)

where m(t,s) € {2,3,2,...} U {oo} denotes the order of st € W.

Example 1 (Symmetric Group) The Symmetric Group S,, is generated by the set of finite
simple reflections S = {s, = (i,i + 1) | ¢ € [n — 1]} where each s, is a transposition that
swaps the i-th and (i 4 1)-th positions. Then :

S, = <81,82, vy Spq | (sisj)m(i’j) =1;i,j € [n— 1]>

where:
1, i1=7
m(i, j) = 4 3, li—jl=1
2, i —jl>2

1.2. Bruhat Order

Let (W, S) be a Coxeter system. The Bruhat order on W is the partial order < generated
by the following relation:

for x,y € W, we say z < y if there exists a reflection s € S such that y = zs and [(y) =
l(z) + 1, where | : W — N is the length function defined by {(w) = min{k € N | w =
$189...51; 5; € S} That is, [(w) is the minimal number of simple reflections needed to
express w.

1.3. Hecke Algebra:

For any Coxeter group (W, S), we define the Hecke algebra 7 that is a unital
associative algebra over the ring Z[q, ¢~ ']. # has the standard basis {7, |w € W} and is
generated by the set {T,|s € S} and is subjected to the following multiplication rules:



Q) T,T, = {Tww/ Sif l(ww’) = l(w) 4+ L(w”)

T, +(@—q¢ 1T, , otherwise (1)
(i) (T, +1)(T; —¢) =0
where [(w) is the length of w.
Remark: We can rearrange (1.2) to obtain the quadratic relation: T2 = ¢T, — T, + ¢
Multiplying both sides by T, ! we get
T, =q 'T,+ (¢ +1) (2)

Hence, each generator T, is invertible and consequently every T, , Vw € W, is also
invertible in 7.
Notation: Everytime we mention < y for any z,y € W, we will be referring to the

Bruhat order relation.

1.4. Representation Theory

A Representation of a group G on a vector space V' (over a field F) is a homomorphism
p: G — GL(V), where GL(V) is the group of invertible linear transformations of V.
The dimension of V' is called the degree of the representation.

Let A be an algebra over a field F. A representation of A on a vector space V' (over IF) is
an algebra homomorphism p : A — End(V'), where End(V') denotes the algebra of all
linear endomorphisms of V.

Equivalently, a representation of A is a structure that makes V" into a (left) A-module,
where the action of a € Aonv € Vis givenby a - v = p(a)(v).

Example 2: The Symmetric group of order 3 has 6 elements: S; =
{id, (12), (13), (23), (123), (132) } and 3 conjugacy classes: [1], [(12),(23),(13)], [(123),
(132)]

S5 has 3 irreducible representations illustrated by the following character table:

S id=(1)=(2)=(3) (12),(23),(13) (123),(132)
Trivial Representation 1 1 1
Sign Representation 1 —1 1
Standard Representation 2 0 —1

2. Kazhdan-Lusztig Basis:
Let ¢ — g be an involution on the extended ring Z [q%, q_%] , defined by gz = q_%. This
extends to an involution of the ring ¢, defined by:

> e, =Y 7 T,h (3)

where ¢, = ¢!,

A Kazhdan-Lusztig basis is a set {C,, | w € W} that satisfies the following properties:



I C, =0,
(II) Cw = q;i Eygw ‘PvaTy’
where B, ,, is a polynomial in ¢ of degree < 3(I(w) —I(y) — 1) for y <w and P, ,, =1

Before getting into the existence and uniqueness proof of the Kazhdan-Lusztig basis, we
define another polynomial R, , € Z(q) by the formula:

Ty_—ll = Z Rm,nglTx (4)
x
where we can compute R, , by
R - R, o ,if st < x and sy <y
V) Ry oy Jif zs <z and ys <y (5)

R, , = (g — 1)Rsx,y +qR;, 5, if sz > 7 and sy <y

Proposition 1: For all z,y € W, one has R, , # 0iff z <y (Bruhat order).
Proof: We argue by induction on I(y).

Base case: For y = e (the identity), the defining properties of the R-polynomials give
=Y R,.q;'T,=T,s0R,,=1and R, , = 0forz # e. Hence R, . # 0iff z <e.

x

Inductive step: Assuming the statement holds for all pairs (u, v) with l(v) < I(y).
If sz <z, thenby (5.1), R, , = R, ,,, and by the induction hypothesis R, , #

sT,sy

0 iff sz < sy iff v <y.If sz >z, thenR, , = (¢—1)R, ,, + qR,, ,. By induction,
R, ., #0iff z <syand R, ., # 0 iff sz < sy. Since sy < y, each nonzero term occurs
exactly when z < y, hence the sum is nonzero iff x < y.

Combining the two cases yields R, , # 0 iff < y.
(]

Theorem 1 (Existence and Uniqueness) For every Coxeter system (W, S), there exists a
unique Kazhdan—Lusztig basis {C,, : w € W} of the Hecke algebra 7.

Proof: (Uniqueness) We can write the equality C,, = C,, in the form

0?2y BTy = 0?5y Pus Ty
=Y, B T =6 Y, B
= qw Zy<w y,w Z Ry z Yy lT = qy? zygw FywTy
matching the coefficients of 7, : Vy < w,

1 E 1
qﬁzzygm< P Ry,w qy - wQJDy,w

= 424, Py Ry + 44 Y cocw Pow Byo @ = 4w’ P,
= q2 Y ycacw Fow Byo @' = ‘fP — 424, 'P,
Then Vy < w,

05 Y cocw B By 6 = 00* By — 05, B



multiplying with ¢2 on both sides,

_1 1 11—
020,> > Bu Ry, =a,2a2P,, —a20,°F,, (6)

y<zrlw

In R.H.S, we have q; qy Vw and qwqy Py wr

P, ., € Z[g] withw > y, so q;f qg P, ,, is a polynomial in ¢, without a constant term.
P, ., € Z[q] withw >y, so qwqy P » 18 @ polynomial in ¢z, without a constant term.
Thus, there can never be cancellations between them.

Now, assuming there is another basis {C,,"}, then C,,’ = q;% >.. .. BT, and it would

y<w - YW

satisfy (5) for F, ,,” and Py w s 1.e. we get
qwq;f Z R(y z) q;EQyi%, - quy P (7)
y<z<w

If we subtract (7) with (6) and write A = F, ,, — F, ,,/, the L.H.S. cancel out and we are
left with:

_1 1 1 _1—
02 a2 —q2q,2A =0 (8)

But as discussed earlier, these terms can never cancel each other out. Hence, C,, = C,,.

This proves the uniqueness of the Kazdhan-Lusztig basis.

(Existence) We will prove this using induction. For the base case, C, = T.,. For the

induction step, assume we have already constructed C, for all v < w.
Then, C, = ¢;* Y. _ BT, =q *(1+T,)

v<s

For sw < w, C,,, is already constructed:
Csw =g, ZMW P, swT,

(2 +T7)) 0 O,y Posu T
q

w1 3 (1+T)T,

Ugmvlzﬁw
_1 _1
= qw2 ZU<S'LU 'P’U szv + q’LU2 Z'USS'U) 'P’U,S’UJTST’U
_1 _1 1 1 _1
= qu Z < P’U,S’LUT’U + qUJZ ZU<S’U} P’U,S’LUTS’U + q’ll)2 Z’U<S’U} sv<v P’U,S’LU q2 - q 2 TU
v<sw < <sw,sv<

1 1 _1
Z'u<sw v,sW v +q,° ngsw Pv,sw(l +4q2—¢q 2)Tv

k\J\»—\

(1 +qz—q ) P, .., € Z[q].F, ,,, has a degree bound < 3(I(sw) — I(v) — 1).
q 2 multiplies with P, _, and lowers it's degree by 1 3 keeplng it within the degree bound. But q+2 multi

to give the top degree of exactly 3 (I(sw) — I(v) — 1). This violates the rule P, ,,, € Z|q].
Hence, we must find a way to cancel this term out.

We define

p(v, sw) := coefficient of q2((sw)=llw)=1) (9)

in P

v,sw*

q%u(ya Sw)q%(l(sw)*l(v)*l) — /’L(va Sw)q%(l(w)fl(v)fl)



So there is a (v, sw)qz @) ~1)=1) term in C,C,,, where sv < v. This is precisely the
term we want to cancel out.

_1
'U/(’U, sw)Cv = 'u,('U, Sw)qU 2 Zyé’b’ Py,va

1

= q,,° (v, sw)q% (q%(l(v)_l(”)_l))Tv + lower order terms

= ql_u%/“l’(vﬂ sw) (q%(l(”Hl*l(”)*l))Tv + lower order terms

1

= G2 (v, sw) (q%(l(w)_l(”)_l))Tv + lower order terms

= There is also a (v, sw)gz {1 term in p(v, sw)C, Yo < w.

We define C,, := C,C,,, — >_ _ n(v, sw)C, , to cancel out the unwanted q2 terms.
1

This leaves C,, = ¢,2 >, _ P, T.

v<w T VWU

To check for the degree bound, C,, = q;% > P T + q;é ZU<Sw P, (1 — q—%)Tv

—1(v) — 1) < 3(l(w) — l(v) — 1) and
sw) —Il(v)—1)—1

)
deg(q72 P, ., ) < 3
= 5(U(w) —U(v) = 3)
< 3(l(w) —Uv) = 1)
w deg(P,,,) < 3(l(w) —I(v) — 1) for v < w.

This concludes are property (II).
Checking property (I),

Cw = CsCsw - E
= C,Cyy — 2, _,, #(v, sw)C, [by induction, all v<w satisfisy (I) property]

p(v, sw)C,

v<w
Hence, C,, = C,,. This concludes the existence proof of the Kazhdan-Lusztig basis.

Remark: The degree bound is necessary because without it there would be infinitely
many possible KL bases which would destroy the uniqueness.

Suppose we define C,,; = C,, + Zy<w q;%f(q)Cy, where f(q) € Z[g] with deg(f(q)) >

2(l(w) — I(v) — 1). This new C,’ is still bar-invariant and triangular but without the

degree bound there are infinitely many choices of f(q).

3. W-Graphs:

Let (W, S) be a Coxeter System. A W-Graph consists of:

(a) a set of vertices X,

(b) each vertex z; € X is labelled by a subset I, C S,

(c) a set of edges Y between two vertices z,, z, € X weighted by an integer p(z,,z,) #
0, if there is an edge between them.

Let E be the free Z [q%, q_%] -module with basis {z : z € X}. We define an action of the
Hecke algebra 7 on E by



— ,s€ 1,
T,(z) = { (10)

1
WH G exper PO 2y s E L

and for any s # ¢ in S such that m(st) = m,
T.T,T,... = T,T,T,... (11)

m factors m factors
This action extends to a unique representation ¢ : 7' — End (FE).

Example 3: Let W = S,
— Vertices: elements of S; = {e, 51, S5, $159, S981, 5152871 }
—Labels: I, = {s € S | sw < w}

IL=0
Itsy = {51}, since 515, = e < s
Isy = {52}

1{8182} - {32}, Sll‘lCG 32(8182) = 31 < 8182
I{szsl} = {81}
1{313231} = {817 52}

— Edges: between {s,t} € S if s < t, with u(s,t) = 1 for every edge.

Figure 1: W-graph of S5 group.

Given y, w € W, we define < by saying that y < w if the following conditions are
satisfied:

1)y <w,

(i) (—1)') = —(~1)!,

(i) deg(F, ,,) = 1(l(w) — U(y) — 1), exactly.

We again denote (y, w) := coefficient of the highest power of ¢ in F, ,. It is a non-zero
integer. If w < y, we set p(w,y) = p(y, w).



We now define W to be the group opposed to W. This means W is simply a copy of
the group W generated by the simple reflections S° = {s° | s € S}. W° =~ W as Coxeter
groups and S° is a disjoint copy of S.

So, essentially (W9, S°) is the same group as (W, S) but we label it as opposed to keep it
as a separate copy, to keep track of left descents and right descents.

Then (W x W°, S U S9) is also a Coxeter group, because products of Coxeter groups
form Coxeter groups.

Let I}; be the graph whose vertices are elements of W and edges are between pairs
{y, w} whenever y < w, meaning edges only exist between pairs where one is
immediately below the other.

For each w € W, let I, = £(w) U R(w)°® C S U S° where:
L(w)={seS|sw<w}

Rw)={se S| ws <w}

R(w)? ={s"| s € R(w)}

Theorem 2: I}, together with the assignment w — I, and with the function x defined
above, isa W x W0-graph.

Proof: We want to show that (Iy;,, I, 1) is a W x W%-graph, i.e. it satisfies the
following conditions:

(i)
_Cy 71f$€”5(y):{8 ’ Sy<y}
Ty T4 {z<y,seL(x),sx<x} Y, T ) Y), sy Y

(ii)
_Cy 71f8€‘%(y):{3’y8<y}
Ty T4 {$<y75653(a:),zs<z}'u Y T s Y), Yy Y

In their proof of Theorem 1, the authors use the following alternative definition of the
Kazhdan-Lusztig basis:

C,= Z 6mewq§,qglme,where g, = (—1)!@ (14)
z<w
and define C,, for w = sv, sv > v as:
C, = (q_%TS — q%)C’v — Z w(z,v)C,,if s € S and sv =w (15)
{z=<v,s2<2}

replacing w — sv, sv — vin (15),

_1 1
CS” = (q 2T3 o q2)CU - Z:{z<v,sz<z} }L(Z, U)CZ’
which we can rearrange to get:

T,C,=qC,+ q2Cy, +q2 > p(zv)C,, if s € £(y) (16)

{z=<wv,s2<z}

replacing sv <+ v, i.e. sv < v,



Co= (02T, = 42)Coy = S sy H(2, 80)C.
T,C, = T,((473T, = 43)Cuy = 2y sy (25 50)C )
= T2, TC, - T, (e )TOL
= ¢ 2(qT, ~ T, + q)Co — *T.Co + 3, ooy Wz 50)C. [T,0. = —C. 52 < 2]

_1 1
-1 QTSCSU + QQCSU + Z{z<sv,sz<z} IU(Z, S’U)Cz

= — [(q*%Ts - q%)C’sv - Z{Hsv’szq} w(z, sv)C,
-—C

v

< T,C, = —C,

v

if sv>wv,s¢ L(y).

Hence, I3, satisfies condition (i).

Similarly, if we interchange left multiplication in the definition of C,, to right
multiplication:
C,:=C, (q_ETS — qi) — Z{HU’ZKZ} wu(z,v)C,, if s € Sand vs > v

we can rearrange this to get,

C,T,=qC,+q3Cyy+q7 > u(zv)C,, if s € R(y) (17)
{z=v,s2<z}
Again replacing vs > v, i.e. vs < v, will give us C,T, = —C, when s ¢ R(y).
So, Iy, also satisfies condition (ii).
We lastly check that ;1 is a nonzero integer.

Claim (a) : Let z,y € W, s € S be such that z < y, sy < y, sz > x. Then z < y if and
only if y = sz. (b) Letx,y € W,s € Sbesuch thatx < y,ys < y,zs > . Then z < y if
and only if y = xs.

Proof: (a) For z < y and sy < v,

T,C, = —C,

_1 _1
Ts (qy 2 Emgy ‘P:E,mi> = _<qy 2 ngy P:L',yTz>
_1 _1
q, 2 ngy ‘Pw,yTsTac =4y 2 Zzgy Pm,yTx
for sz > z,

_1 _1
qy 2 Za:gy ‘Px,yTsx = —qy 2 Zxﬁy Bc,yTx
for T,, : q;%P = —q;%P

ST,y
= Pw =-—P

s,y

deg(Pz’y) = deg(P )

sT,y

If y # s, deg(Pm’y) = deg(Psx,y)
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Hence, if y # sz, the relation z < y is not satisfied.

~y=srand P, =-PF,  =—F  =-1lie p(z,y) =—1



(b) We can prove the right multiplication case similarly:

Forz < y,xzs > x and ys < y,
¢TI, =—C,
= b,y =—F

s,y

It Yy 7& s, deg(Rc,y) = deg(ljxs,y) < %(l(y) - l(LE) - 1)

Hence, x < y if and only if y = xs, and similarly pu(z,y) = —1.

« v is a non-zero integer and (I, I,,, ) isa W x W9-graph.

(]

Remark: Claim (a) and (b) follow statements (2.3e) and (2.3f) from the original paper.
However, we believe the original statement in (2.3f) includes an error where it says
“Let z,y € W,s € S be such that x < y,ys < y,zs < . Then x < y if and only if y =
xzs”. Here, if we we have zs < x then we cannot have y = s because that would imply
xzs < z < y. Hence, in our statement (b) we have changed zs < z to s > = which
follows directly from (a) for the right multiplication case.

4. Left cell representation:

In a W-graph, we say z, ~ z; if u(zy,z,) # 0 and z < 2’ if there is a path x =z, ~
L

x; ~ ...~ x; =z such that:

e each {z; ,,z,}is an edge in the W-graph, and

° Imi—l g‘ Izz

In simple words, z < z’ if there is a directed path from z to 2. We write 7 ~ o’ if z <
L L
z’ and &’ < z. Each equivalence class of this relation forms a connected piece of the
L

graph that we call a left cell.
Example 4: Looking back at our S;-graph, the left cells are:

o {e}
{s1,5152}
{52,8251}
{s15951}

Figure 2: Left cells of the S; group.

Theorem 3: Let X be aleft cell of W = S, , let I" be the W-graph associated to X and let
p be the representation of # (over the quotient field of Z [q%, q*%] ) corresponding to I'.
Then p is irreducible and the isomorphism class of the W-graph I" depends only on the
isomorphism class of p and not on X.

Explanation: Given X is a left cell, then each left cell gives a subspace of the Hecke
Algebra (spanned by its basis elements C, for € X) that is stable under left
multiplication. Hence, each left cell gives rise to one such W-graph.

10



p: H — End (V) is the cell representation associated to that X.

Accordind to theorem 3, this representation is:

(i) Irreducible: the cell subspace cannot be broken into smaller invariant subspaces
(ii)Independent of X: if two left cells X and X’ happen to yield isomorphic
representations p = p’ then the W-graphs are also isomorphic as graphs.

We unpack this with our final example.

Example 4: S; has four left cells: X; = {e}, X; = {s1,5182}, X5 = {89,898, }, X, =
{s1525:}

Each cell X, gives a subrepresentation V, of the Hecke Algebra, where V, has basis
{b, | = € X} subjected to:

—b, ,s €1,
T = 1 1
(0] abs + g2 Z{yex,sely} wy, @by s E L (18)

(i) X; = {e}: The subrepresentation V] has only one basis element {b, }

Since sy, 85 ¢ I, T,b, = gb,, so both T, and T, act on the basis element by
multiplication with ¢. This is precisely the trivial representation with dimension 1, and it
is irreducible.

(ii) X4 = {51525, }: The subrepresentation V} also has only one basis element {bslsﬁl}
andI = {51,52}-

518251

Both s;, 55 € I

518587

;and T,b =-b . This is precisely the sign representation

518251 518251

with dimension 1, and it is irreducible.

(iii) X, = {s;, 5155 }:The subrepresentation V, has two basis elements {bs1 , bSISQ} and
Isl = {Sl} and Islsz = {82}‘
lesl - _bl
T1b5152 = qbsls2 + bsl
Tstl = qbsl + b5132
T2bsls2 = _b32
In matrix form thisis:  px (T}) = <_01 ;) px,(Ty) = <'11 _01>
at g = 1 this is:

—11 10

@)= (1) enm=(1 %) (19)

This is exactly the standard representation with dimension 2 and is irreducible.

(iv) X3 = {35, 8951 }:The subrepresentation V; also has two basis elements {552 , b5251}
and I, = {sp} and I, , = {s;}.

And similarly, we get the representation:

@)= (1 %) exm= (1) (20)

This is isomorphic to the representation px_ .

11



It is also clear from the structure of X, and Xj; in Figure 2 that their left cell graphs are
isomorphic: they are mirror images under the interchange s; < s,.

Hence, we have successfully reproduced the full representation theory of S; by it’s four
left cells and it’s W-graph, as suggested by Theorem 3.

5. Conclusion

This report explored the Kazhdan-Lusztig theory by focusing on it’s three main
theorems and working out extensive examples. Approaching Theorem 1 with an
alternative definition allowed us to gain a clearer understanding of the Kazhdan-
Lusztig basis and it’s construction. We followed their proof of Theorem 2 closely and
found an error in printing where line (2.3f) of their paper says s < « when it should
actually say xs > z. Lastly, due to time limitations we were unable to prove Theorem 3
but were able to add a clear example that demonstrates how it works for the S; group.
Overall, this report reviewed the work of Kazhdan and Lusztig and illustrated how the
Kazhdan-Lusztig basis reveals the link between the algebra of Hecke algebras and the
geometry underlying representation theory.

12
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