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Mathematical Notations, Symbols and Formalism

Mathematical Operators

Symbol Description

\Y% Gradient operator

\%& Laplacian operator

O, Partial derivative with respect to time
X Time derivative: X = ‘%

X Second time derivative: X = £X

dt?

—~
~—

Ensemble or spatial average

Key Equations Reference

Friedmann Equation (Newtonian form):

G Kc?
H?=—"—"p— ——
3 7 R3a?
Friedmann Equation (with components):
Q, Qm
H? = H§ |0 4+ =52 4 Qao +
Energy density scaling:
5Z~(a) — 5i,0a_3(1+wi)
Redshift definition:
_ /\obs_)‘em _1_1
Aem a
Virial theorem: )
7oLy
2

Perturbation growth equation (matter era):

1—Q

a?

Om + 2Hb,, — A7Gpim0m = 0
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Inflaton equation of motion:

. . OV
G+3H+ 5o =0

Fourier Transform and Inverse:

P = [ fa) e da,
fo) = [ O:o F(k) 27k g
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Abstract

Abstract

This work explores the physics of Newtonian structure formation in the early
universe. It begins with the study of the expanding universe through the Friedmann
equation from a Newtonian perspective to model the universe’s expansion. The
evidence of dark matter was examined via the virial theorem and gravitational lensing.
In addition, it discusses the Cosmic Microwave Background and the Inflation field
to resolve the naturalness problem. Finally, it concludes how the structure in the

universe grows in such a non-uniform pattern.

Keywords: virial theorem, Newtonian mechanics, dark matter, inflation, perturba-

tion, structure formation, cosmology.
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1 Introduction

Observations of the early universe reveal that small density inhomogeneities were already
present shortly after the Big Bang. Although the cosmic microwave background (CMB)
has a nearly uniform temperature of T" ~ 2.725 K, it exhibits tiny anisotropies at the
level of AT/T ~ 107°. These minute temperature variations trace the initial density
perturbations that later evolved, under gravitational instability, into the large-scale cosmic

structures observed today.

However, on sufficiently large scales ( ~ 100 Mpc), the universe appears homogeneous
and isotropic. Isotropy means that the universe looks the same in every direction, while
homogeneity means that the average properties of matter and radiation are the same at
every location. These correspond to rotational and translational symmetries, respectively,

and form the foundation of the Cosmological Principle.

In this work, we focus on the formation of structures arising from these primordial density
perturbations. Using observations of CMB temperature anisotropies and large-scale galaxy
distributions, we examine how initial fluctuations evolved after matter domination and
how overdense regions expanded more slowly than the universe as a whole. This process

ultimately led to the non-uniform structures seen in the present-day universe.

Timeline of the Universe

The early universe underwent a series of significant periods, including phase transitions,
that shaped its present structure and composition. We can describe the history in terms
of the physical events and processes that occurred during each epoch. A brief description

of these is provided below:

« Planck era (t < 107*® s): During this epoch, quantum gravitational effects domi-
nated the dynamics of the universe. The classical description of spacetime breaks

down, and a theory of quantum gravity is required to describe physical processes.

« Grand Unification Epoch (107%3-107%6 s): In this period, the strong, weak, and
electromagnetic forces may have been unified into a single fundamental interaction.

The universe was extremely hot and dense, with rapid energy fluctuations.

o Inflationary Epoch (t ~ 1073¢ s): The universe underwent an exponential expan-
sion, increasing its size by many orders of magnitude in a tiny fraction of a second.
This process smoothed out inhomogeneities, drove the universe toward flatness, and

set the initial conditions for cosmic structure formation.
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« Electroweak Phase Transition (t ~ 107'? s): The electromagnetic and weak
nuclear forces separated into distinct interactions. Massive elementary particles

acquired mass through the Higgs mechanism during this transition.

« Quark and Hadron Epochs (10712-107% s): As the universe continued to cool,
quarks combined to form hadrons such as protons and neutrons. This marked the

transition from a quark-gluon plasma to a hadron-dominated universe.

» Lepton Epoch (¢ ~ 1 s): Leptons, such as electrons and neutrinos, dominated the
energy density of the universe. Most leptons and anti-leptons annihilated each other,
leaving a small excess of electrons that would later combine with protons to form

atoms.

« Big Bang Nucleosynthesis (¢ ~ 3 min): Light nuclei such as hydrogen, helium,

and small amounts of lithium formed through nuclear fusion reactions.

« Photon Epoch (¢ ~ 10* yr): The universe became radiation-dominated, with
photons frequently interacting with charged particles. The matter and radiation

were tightly coupled during this period.

« Recombination (¢t ~ 3.8 x 10° yr): Electrons combined with protons to form
neutral hydrogen atoms. As a result, photons decoupled from matter and began
to travel freely through space, forming the Cosmic Microwave Background (CMB)

radiation.

« Dark Ages (10°-10® years): After recombination, the universe became dark and
neutral, with no stars or galaxies. This period persisted until the first luminous

objects began to form.

« Reionization and Structure Formation (10%-10° yr): The first stars and galaxies
formed, emitting high-energy radiation that reionized the intergalactic medium.
Cosmic structures such as galaxies and clusters of galaxies began to develop during

this time.

» Present Day (¢ ~ 13.8 Gyr): The universe continues to expand, with the expansion
rate accelerating because of dark energy. Large-scale structures such as galaxies,

clusters, and cosmic voids characterize the current universe.
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2 The Expanding Universe

In the 1920, Edwin Hubble’s observation revealed that distant galaxies are receding from
us, with velocities proportional to distances, which is now known as Hubble’s law. This
discovery provided the first clear evidence that the universe is expanding. The rate and
nature of the universe are governed by the balance between the energy content of the
universe and its overall geometry. This relationship is mathematically expressed through
the Friedmann equations, which describe the time evolution of the cosmic scale factor.
Although these equations originate from Einstein’s field equations of general relativity,
their essential form can be derived using Newtonian mechanics under the assumptions of
homogeneity and isotropy. In this section, we present the Newtonian formulation of the
Friedmann equations and discuss their implications through numerical results that trace

the dynamical evolution of the universe.

Suppose that we consider a particular absorption or emission line whose wavelength, as
measured in a laboratory here on Earth, is A.,,. The wavelength we measure for the same
line in the observed spectrum of a distant galaxy, Ao, will not, in general, be the same.

We say that the galaxy has a redshift z, given by

)\ob - )\em
)\em

©
Il

(2.1)

When z < 0, this quantity is blueshifted rather than redshifted. Moreover, Hubble noted
that the more distant galaxies had higher redshifts, pointing towards the fact that the

farther the galaxies are, the greater their speeds of recession.

The simplest form of Hubble’s law can be expressed as

where v is the recession speed of the object and D is the proper distance between the

object and the observer.

as illustrated in Figure 1.
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Hubble's Law: Velocity vs Distance

& Galaxies = DBest [t

Welocity (km/s)

o] 50 e 160 200 250 300 3560

Distance (Mpc)

Figure 1: Hubble’s Law: Relation between velocity and distance of galaxies.

2.1 The Friedmann Equation

The expansion or contraction of the universe is first demonstrated from a Newtonian
perspective, starting with Newton’s laws of gravity and motion, as Newtonian structure
formation is studied. A homogeneous sphere of matter with total mass M,, which is
constant in time, is considered. The sphere is assumed to expand or contract isotropically,
with a radius Rs(f). A test mass is placed on the surface of the sphere. The force acting
on the test mass is then determined by the mass inside the radius. From Newton’s law of

gravity, the force on the test mass is

GMm
F=— R (2.3)
Using Newton’s second law, the radial acceleration of the surface is
d*R, G M,
=— . 2.4
dt? R? (2.4)
: : dR; .
Multiply both sides by T and integrate:
d 1 dR, 2 d(GM5> (2.5)
dt|2 \ dt dt\ Ry, )’
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so that integrating once gives the energy conservation per unit mass;

+E, (2.6)

1(dR,\* GM,
2\ dt ] R,

where F is a constant (the total mechanical energy). We may interpret ey, = %R? and

Epot = —G' M, /R, as the kinetic and potential energies per unit mass, respectively.

Because the sphere’s mass is constant, we can write

M, = —p(t) R®. (2.7)

Ry(t) = a(t) rs. (2.8)

Then dR,/dt = rsa. Substituting into the energy equation and using the expression for
M, yields
9.0 ATG

= ——p(t)a*r? + E. (2.9)

1
—r
2 3

Divide both sides by %7‘?(12 to obtain

(d>2 - &T?)Gp(t) L2 L (2.10)

a r2 a(t)?

Equation (2.10) is the Newtonian form of the Friedmann equation. The last term acts like

a curvature term scaling as a~2 where its sign depends on the sign of the specific energy E:

e FE > 0: the RHS stays positive — expansion never stops (open-like).

o FE = 0: marginal/boundary case (expansion asymptotes to zero velocity at infinite

time).

o FE < 0: expansion stops at some ay., and contraction follows (closed-like).

If we identify

2F K
— = - 2.11
=1 (211)

then the Newtonian expression matches the standard relativistic Friedmann equation (with
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energy density ¢ = p):

a\? 8rG k1
G () 2.12
(G) =50 ma 212

Here k = 41,0, —1 denotes positive, zero, or negative spatial curvature, respectively, and

Ry is a radius curvature scale. The Newtonian cases map to relativistic curvature as:

e EF <0+4— k= +1 (positive curvature),
e F=0+— r=0 (flat),

e F>0+<— rk=—1 (negative curvature).

The Hubble parameter is defined by H = a/a. Rewriting (2.12) as

87TG€(t) K
3 R2

H(t)* = (2.13)

9
CL2

We can evaluate it today (t = tg) to relate the present Hubble constant Hy, the present

energy density ¢y, and the curvature:

2
For a spatially flat universe (k = 0) this reduces to
&G
H(t)? = ”Tg(t). (2.15)
From this, we define the critical energy density as
e(t) = S (2.16)
TG '

Comparing the actual energy density € to the critical density €., we can determine the

geometry of the universe:

+1, ife>e. (closed universe)
k=140, ife=¢. (flat universe)
—1, ife <e. (open universe)

The present-day value of the Hubble parameter highly depends on which set of observational

data from which it has been derived. Two such values are —
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68 kms~! Mpc™t,
73 kms~! Mpc?.

The first one is obtained through Type Ia supernovae data. There is a 50 discrepancy

between the two values. This problem is known as the ‘Hubble tension’(Hu, 2023) .

When written in terms of the density parameter Q(t) = e(t)/e.(t), the Friedmann equation

becomes

K
Q) — 1= ———. 2.1
(t) R8H2a2 ( 8)

A useful property of this idealized model is that if 2 = 1 at any moment, it is maintained
at 1 for all times. Similarly, the sign of {2 — 1 is conserved over time for simple fluid
contents. Present combined observational constraints indicate that €y is found to be very
close to unity, within about a percent. In the present universe, matter is strongly dominant
over radiation. In a universe with many components, the Friedmann equation can be

written in the form

, 8rG Csw. K
a? 4——7§:@0a 131-—}?. (2.19)
0

2.2 Cosmic redshift and the lookback time

We know that our universe contains matter and radiation components for which the energy

4 respectively. Furthermore, there is a dark

densities scale as ¢, = 50,ma’3 and € = gg,a”
energy contribution to the total energy budget of the universe. Current evidence indicates

that its energy density is constant ey = €, ¢ = constant.

We will consider a universe with contributions from matter, radiation, and the cosmological

constant. In our universe, we expect the Friedmann equation to take the form

H>  Q, 2, -0

)

2 = 4
Hy a

(2.20)

where

€r0 Em,0 EA0
Qo=—", Qno= ) QAOZ? ,and Qo= Q0+ Qo+ Qap.


https://arxiv.org/abs/2302.05709
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Multiplying both sides of the equation by a? yields

Q. Q, 1/2
. b Quoa+(1-Q)| (2.21)

The cosmic time ¢ as a function of the scale factor a can be found by integrating the Eq.
(2.22) -

da

Hot = [ ’ . 2.2
0 0 [Qnoa,*Q + Qmpa*l + QA70(12 + (1 — Qo)]1/2 ( )
Equivalently, in terms of the redshift z, where 1 + 2z = a~!, we can write
00 dz
Ht = [ o (2.23)
2 [ Qo142 + Qo1+ 2)2 4+ Qao+ (1 — Q)]

The resulting lookback time as a function of redshift is shown in Figure 2.

Lookback Time vs Redshift

e
-
——
-

7.5 1

Lookback Time (Gyr)

5.0 1

2.5 1

— With Dark Energy
== Without Dark Energy

0.0 A

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Redshift (z)

Figure 2: Lookback time as a function of redshift. The blue curve represents the model with
dark energy, while the red dashed curve represents the model without dark energy.
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2.3 Evolution of Energy Density

The Friedmann equation represents the statement of energy conservation. For fluids of

cosmological importance, the equation of state can be written as

P = we

where w is the equation of the state parameter. The equation of state parameter w
characterizes different components of cosmic fluid through their pressure-to-energy-density

ratio:

w =

P
€

In the Newtonian approximation, the Friedmann equation can be interpreted as conserva-

tion of energy:

1 G
72— pa2 = constant

2 3

This represents kinetic energy minus potential energy for a test particle at the edge

of an expanding sphere. The kinetic energy term %éLQ represents the kinetic energy per

unit mass of expansion, and the potential energy term —8”—3%

a”® represents the (negative)

gravitational potential energy per unit mass.

3

For non-relativistic matter (dust), w = 0, which means P = 0 (pressureless), p o< a*, and

energy is dominated by rest mass. For radiation (relativistic particles), w = %, so P =2,
p o< a~*, and energy is equally distributed between kinetic energy and momentum flux.
For dark energy (cosmological constant), w = —1, giving P = —&, p = constant, negative
pressure that causes accelerated expansion, and energy density remains constant as the

universe expands.

For an adiabatic expansion (entropy conserved), the first law of thermodynamics gives:

de
= = _3H(e+P
7 3H(s+ P)

where H = % is the Hubble parameter. This shows how both energy density and pressure

contribute to the deceleration of expansion. Using P = we, this becomes:

d
d—i = —3H=(1 + w)

which integrates to:
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£ oc g 30+w)
This demonstrates that w fundamentally determines how energy density evolves with cosmic
expansion, encoding the balance between kinetic (expansion) and potential (gravitational)

energies in the cosmological fluid.

The equation of state of photons or any other relativistic gas is

1
Prel = ggrel . (224)

We will refer to the component of the universe that consists of photons and other relativistic

particles as radiation. The case w < —% is of interest, because a component (cosmological

constant) with w < —% provides a positive acceleration.

The universe contains nonrelativistic matter and radiation. Thus, the universe contains
5
may then write the total energy density € as the sum of the energy density of the different

components with both w = 0 and w = %, and the cosmological constant has w = —1. We

components:
E=) &. (2.25)

The total pressure P is the sum of the pressures of the different components:

The fluid equation must hold for each component separately. The component with

equation-of-state parameter w; obeys the equation
, a
gi+3-(ei+F)=0, (2.27)
a
or equivalently,
) a
g+ 3—(1+w)e; =0. (2.28)
a
If we assume that w; is constant, then the solution to Eq. (2.28) is given by

€Z'(CL) =E&i0 G_3(1+wi). (229)

The energy density ¢, associated with nonrelativistic matter decreases as the universe

expands with this dependence. The energy density in radiation, €,, drops at a steeper rate.

10
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The reasons behind these scalings are as follows:

3 since expansion of the universe is proportional to

o Matter: Energy scales as a~
a®. Since matter is nonrelativistic, its energy is dominated by rest mass, which is
conserved. Therefore, the number density of matter particles simply dilutes as the

expansion of the universe.

« Radiation: Energy scales as a~* due to the expansion of the universe and the redshift
of wavelengths. Radiation experiences dilution from the expansion, contributing a
factor of a=3. In addition, relativistic particles undergo cosmological redshift, causing
their wavelengths to stretch proportionally to the scale factor a, which leads to their

individual energies decreasing by an additional factor of a=1.

« Cosmological constant: Energy scales as a’, which tells us that for a cosmological

constant (dark energy), the energy density stays constant.

Table 1 summarizes the variation of energy density for different components of the universe

and their corresponding equations of state.

Table 1: Variation of energy density e for different equations of state (EoS).

Component Equation of State (EoS) EoS Parame- Scaling Law for ¢
ter w

Non-relativistic matter p =0 w =20 eoxa3

(“dust”)

Radiation p= %p w = % goca?

Cosmological constant p= —p w=—1 € = constant

Stiff matter p=p w=1 eoca

Quintessence p=wp, -1 <w< f% Variable £ o« g 3(1+w)

General perfect fluid p=wp Constant w e o g~ 3(1+w)

Current observational data suggest a universe in which the density parameter for matter is
currently €2,,, o & 0.31, while that for the cosmological constant is {25 o = 0.69. Furthermore,

we have Q.o =9 x 107° radiation ,, ¢ = 0.31 in non-relativistic matter, and
QA70 =1- QT70 — meo ~ 0.69. (230)

This model is known as the "A-CDM" or "concordance" model.

At present, the ratio of the energy density in A to the energy density in matter is

€A B QA70 - 0.69

Emo  Qmo 031

~ 2.23. (2.31)

11
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In the cosmologist’s language, the cosmological constant is “dominant” over matter today.
In the past, when the scale factor was smaller, the ratio of densities was
EA (CL) Q A0 3

enla) = Do a”. (2.32)

The moment of matter—A equality occurred when the scale factor was

Qo \? 7031\ 13
mA = : ~|— ~ 0.766 . 2.33
fhmA (QM) (0.69) (2:33)

Similarly, the ratio of the energy density in matter to the energy density in radiation is

currently

emo  Qmo 031

cro Qo 9x 1075

~ 3400 (2.34)

3 The Cosmic Microwave Background

The cosmic microwave background (CMB) is the first piece of evidence for the hot Big
Bang—the idea that the early universe was filled with a hot, dense plasma composed of all
the Standard Model particles. As shown in Figure 3, the CMB exhibits tiny temperature
fluctuations across the sky, which trace the primordial density variations that eventually
gave rise to cosmic structures. The mean energy per CMB photon is tiny compared to
the energy required to break up an atomic nucleus. Still, the mean photon energy is
comparable to the rotational energy of a small molecule such as HyO. Thus, CMB photons
can zip along for more than 13 billion years through tenuous intergalactic gas, then be

absorbed a microsecond away from the Earth’s surface.

12
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Figure 3: Cosmic Microwave Background (CMB) map from the Planck satellite. This map
shows the temperature fluctuations across the sky, which correspond to the primordial
density fluctuations that grew into cosmic structures.

The CMB spectrum was first measured over a wide range of wavelengths by the Cosmic
Background Explorer (COBE) satellite. Subsequently, more detailed observations were
made by the WMAP and Planck satellites. At any angular position (0, ¢) on the sky, the
spectrum of the cosmic microwave background is very close to that of an ideal blackbody.
The CMB also shows a dipole distortion in temperature: on one half of the sky, the
spectrum is slightly redshifted to lower temperatures, while on the other half, it is slightly
blue-shifted to higher temperatures. This Doppler shift is caused by the net motion of the
observer (such as the WMAP spacecraft) relative to the frame of reference in which the
CMB is isotropic.

After subtracting the dipole distortion of the CMB, the remaining temperature fluctuations
are small in amplitude. Let’s assume the temperature of the CMB at a given point on the

sky is T'(0, ¢). The mean temperature, averaging over all locations, is

(T) = %/T(e,qs) sin 6 df dep (3.1)
—2.7255 K (3.2)

The dimensionless temperature fluctuation at a given point (#, ¢) on the sky is

ik
>
<
SN—

I

(3.3)

After subtracting the Doppler dipole, the root mean square temperature fluctuation found

13
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by COBE was

1/2

<<5£>2> =1.1x107° (3.4)

The distortions on a smaller angular scale tell us that the universe was not perfectly
homogeneous at the time of last scattering (z ~ 1090). The angular size of the temperature
fluctuations reflects, in part, the physical size of the density and velocity fluctuations at
z ~ 1090.

The angular size 06 of a temperature fluctuation in the CMB is related to a physical size [

on the last scattering surface by the relation

dy= — (3.5)

where d4 is the angular diameter distance to the last scattering surface. Since the last

scattering surface is at a redshift z; = 1090 > 1, we can write

~ dhor (tO)

Zls

(3.6)

The horizon distance is an interesting scale which can be connected with the time of last

scattering by,

ts  dt

dhor(hs) = a(hS) c/o a(t)

(3.7)

Since the last scattering took place long before the cosmological constant plays a significant
role in the expansion, the scale factor is appropriate for a universe containing just radiation

and matter. Therefore, we get the horizon distance of

dh0r<t13) =224 CtlS = 0.251 Mpc (38)

A patch of the last scattering surface with this physical size will have an angular size given
by

14
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Ohor = = ~ 0.020rad ~ 1.1° 39
" da 12.8 Mpe ra (3.9)

The fluctuations on large angular scales, with 6 > 6y, are generated from physical
processes that are different that those for 6 < 6y,,. The large-scale fluctuations with
0 > by, arise from the gravitational effect of density fluctuations in the distribution of
nonbaryonic dark matter. The density of nonbaryonic dark matter at the time of the last

scattering, since eqm o a3 o (1 + 2)3, was
Eam(21s) = Qamoceo(l + 24)% = 1.7 x 10" MeV.m™* (3.10)
where the density of the baryonic matter is
Ebary (21s) = Qpary0€eo(l + 215)* ~ 3.1 x 10" MeV.m ™ (3.11)
Finally, the density of photons at the time of last scattering was

e (215) = Qy08e0(1 + 25)* ~ 3.9 x 10" MeV.m™? (3.12)

Thus, we can conclude that at the time of last scattering, eqm > €, > €pary, Non-baryonic
matter dominated the energy density e, and hence the gravitational potential, of the

universe at the time of last scattering.

The energy density of the dark matter at the time of last scattering can be expressed as
e(t,r) =&(t) + oe(t,r) (3.13)

Here, ¢ is the average energy density of the dark matter, and de is the local deviation from

the mean.

In the Newtonian approximation, the spatially varying component of the energy density,
d¢g, gives rise to a spatially varying gravitational potential 6@, which is related by Poisson’s

equation:
V25® = 4nGa® b¢e (3.14)

These fluctuations in the density have given rise to fluctuations in the gravitational

potential.

15
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4 Dark Matter

The temperature fluctuations of the cosmic microwave background radiation depend on
the baryon-to-photon ratio when the universe was approximately 250,000 years old. In
addition, the efficiency of nucleosynthesis depends on the baryon-to-photon ratio. From
this information, we find the density parameter of baryonic matter in the present universe
to be

Qpary,0 = 0.048 £0.003

However, observations indicate a total matter density of €2, o ~ 0.31. Thus, baryonic
matter makes up merely about 15% of the total matter content of the universe. The
remaining 85% cannot be explained by ordinary matter alone. This discrepancy naturally
raises a key question: how do we account for the additional matter required by observations,

given that it does not exist in baryonic form?

4.1 Dark Matter in Clusters

Fritz Zwicky, when studying the Coma cluster of galaxies, found that the dispersion in
the radial velocity of the cluster’s galaxies was much larger than what calculations from
luminous matter would allow (around 1000 km s~'). To hold the cluster together, the

Coma cluster must contain a large amount of dark matter.

The weight of a collection of objects that are far away can be approximated using the
virial theorem. Suppose a cluster of galaxies consists of N galaxies, each of which can be
approximated as a point mass, with mass m; (i = 1,2,..., N), position 7;, and velocity z;.
The motion of a galaxy is given by

T — T

;=G> m, (4.1)

j#i |fj B fi|3.

Here we assume that the cluster is an isolated system and that the gravitational acceleration
due to external matter is negligibly small.

The time average of the kinetic energy 7" and potential energy V' can be connected through

T = —;V. (4.2)
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The moment of inertia of the system is denoted by
1 — —
1= 5 > mi; - &, (4.3)

and its time derivative is

where p; is the momentum of the i particle. The quantity I is the virial. The correct

choice is to pick the origin to be the centre of mass.

The time derivative of the virial is then

[=30 %+ 3 7 &

=S F -7 +2T. (4.5)

The force F’l on the i*" particle is determined by the potential Vj; via

ﬁiz—zvi‘/}jjzﬁi'fiz—sz“/z‘j'fz‘—zvivij'fi

==> ViVij & = > V;Vji - &
i<j i<j

== ViVi; - (& — 7)) (4.6)
1<j

We can use the explicit form of the potential to find

=2 ViVij- (@i =) = =) Vij = (4.7)

i<j i<j

Now we get the time variation of the virial as
I=V+2r (4.8)

Now, the time average is defined by

_ t

X = lim [ X(¢)dt (4.9)

t—o0 Jo

We want to make some assumptions. First, we will assume that there are N galaxies, all

of which have the same mass m. Suppose the system is "self-averaging", which means the
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average over many galaxies is a proxy for averaging over time, so that, for example,

1 N
T~ (T) = N > mw? (4.10)
i=1

We don’t need to wait several billion years to perform the time average due to this

advantage. The virial theorem then reads
2 2 1
2(T) = m (v*) = (V) ~ ~Gm N<> (4.11)

(1/r) is the average inverse distance between galaxies, and by replacing N-1 with N, we

get the expression for the total mass of the galaxy cluster.

(4.12)

We can estimate the mass of each galaxy by counting its stars, which is inferred from its
luminosity. This provides two independent methods to determine the mass, which can
then be compared. It is found that the virial mass exceeds the luminosity mass by a factor

of a few hundred. This discrepancy is attributed to dark matter.

Further evidence for the existence of dark matter comes from gravitational lensing. The
mass of a cluster can be determined from the amount of light bending. Most of the matter
detected through gravitational lensing is dark, and, like the galaxies, the dark matter
components have passed through each other seemingly unaffected by the collision. The
interpretation is that dark matter interacts weakly, both with itself and with baryonic

matter.

4.2 Vera Rubin’s Galactic Rotation Curves

Vera Rubin’s observations of galactic rotation curves provided strong evidence for the
existence of dark matter. The rotation curves of galaxies, particularly the flatness of the
curves at large distances from the galactic center, suggest the presence of an unseen mass,

which has gravitational interaction but no electromagnetic interaction.

The rotation velocity v(r) at a distance r from the center of a galaxy can be derived
from the balance between the gravitational force and the centripetal force acting on stars.
For a point mass at the center of a galaxy, the velocity would decrease as v(r) oc r~1/2,
However, Rubin’s observations indicate that the rotation velocity remains constant at

large r, suggesting that the mass distribution is not concentrated at the center.

The key equation for the rotation curve in a galaxy is:
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where: v(r) is the orbital velocity at radius r, M (r) is the mass enclosed within radius 7,

G is the gravitational constant.

If the mass distribution is dominated by visible matter (such as stars), the velocity should
drop off at large r. However, the observed flat rotation curves imply that the mass
continues to increase with radius, suggesting the presence of dark matter. This is typically
modeled by adding a dark matter halo, which causes the mass M (r) to grow with radius

more slowly, maintaining the constant rotation velocity.

M(r) ocr, (4.13)

which leads to the observed flat rotation curves (Figure 4), provides clear evidence for the
presence of dark matter. The discrepancy between the predicted and observed rotation
velocities in the outer regions of galaxies provides direct evidence for the presence of dark

matter.
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Figure 4: NGC 2403. Blue points with error bars: Rotation curve data. Red line: RCFM fit.
Dashed purple line: luminous mass model. Rotation curve data and luminous mass
models from de Blok et al. (2008a) for NGC 2403 and Sofue-Xue-Jiao for the Milky
Way.

5 Inflation

After the discovery of the cosmic microwave background (CMB), it was realized that the
standard Hot Big Bang model has underlying issues known as the flatness problem, the

horizon problem, and the monopole problem.

5.1 The Flatness and Horizon Problems

The spatial curvature of the universe is related to the density parameter €) by the Friedmann

equation:

1-Qt) = —k (2/5;0)) (5.1)
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At the present moment, the density parameter and the curvature are linked by:

B ¢/ Hy 2
1—90_—&< i ) (5.2)

For most of the past 14 billion years, the universe was matter-dominated. In this case,

Pm(t)  Pmo
Qro Qn(t)
Qu(t) = —= A
= ) = gt o (5.4)

1

This formula holds back to the matter-radiation equality at ¢t = ty, where Qy,(teq) = 5

and zeq ~ 3000. Using Q. 0/Qmo < 1072 we find:

[Qu(teq)] S 107° (5.5)

At earlier times, the universe was radiation-dominated. This can be written as:

Pe(t) — pro
pr(t) B pr,O (56)
o) = ille) ¥ zea) ) (5.7)

Q. (teq) (14 2)?
During Big Bang Nucleosynthesis (BBN), with 2z ~ 4 x 108, the curvature must satisfy:

Q% (tgeN)] < 1071° (5.8)

At the time of the electroweak phase transition (z ~ 10'%), the curvature must be:

| (tew)| S 107 (5.9)

This extreme fine-tuning of € near unity is known as the flatness problem.

The horizon problem refers to the observed homogeneity and isotropy of the universe
on very large scales. The CMB has a uniform temperature of 2.725 K in all directions.
However, in the standard Hot Big Bang scenario, different regions of the sky were outside
each other’s particle horizons when the CMB formed — meaning they could not have been

in causal contact to thermalize.

For a purely matter-dominated universe, with a(t) = (t/t,)?/3, the particle horizon at time

21



ICTP PWF Internship Report Newtonian Structure Formation

t is defined by:

du(t) = ca(t) / o = (5.10)

0

We can use H(t) = 2 = Hya(t)™®/? to express this in terms of redshift:

dy(2) = (fihgm (5.11)

The particle horizon today is d(ty) = 2cH, . The distance dy(z) subtends an angle on
the sky given by:

g Lt2)dn(z) 1
T du(ty) T /1100

~0.03rad = 6O~17° (5.12)

Thus, patches of the sky separated by more than about 1.7° had no causal contact at
the time of CMB formation. How different regions of the universe reached the same

temperature without ever interacting — that is the horizon problem.

5.2 The Inflation Solution
Inflation can most generally be defined as the hypothesis that there was a period early in
the history of the universe when the expansion was accelerated outward — an epoch when

e
3c?

(c+3P) (5.13)

i =
tells us that & > 0 when P < ¢/3. This would have taken place if the universe were

dominated by a component with equation-of-state parameter w < —1/3.

An inflationary phase naturally solves the flatness problem. Such a phase must be driven

by some background energy density that scales as

1
pint N (5.14)

which, for n > 1, clearly dilutes away more slowly than the curvature term p; o< 1/a?.
During the inflationary phase, the curvature energy density py is driven to zero, as are the

matter (p,,) and radiation (p,) densities.

To resolve the flatness, horizon, and monopole problems, we assume that the universe
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underwent a period of exponential expansion, with
a(t) ~ efntt (5.15)

sometime during its early radiation-dominated phase. For simplicity, we suppose that
inflation lasts for some time 7T'. If, prior to inflation, the physical horizon had size d;, then

by the end of inflation this region of space has been blown up to
dF = €HinfT d] (516)
The amount of inflation is quantified by

N = HyT (5.17)

If the inflation occurred at redshift z;,, then
Apow = €™ (1 4 zing)dy (5.18)

The whole point of inflation is to ensure that this length d,. is much larger than what we

can see in the sky.

After inflation, the expansion of the universe was first dominated by radiation, with
H o< 1/a?, and later by matter, with H o 1/a*?. Even though the majority of cosmic
time is in the matter-dominated era, most of the expansion actually takes place during

the radiation-dominated epoch when energy densities were much higher. We can write

Hin
- L (14 2inp)? (5.19)
0
Thus, we have
Hin 1/2
eN > (Hf) = Zinf (5.20)
0

The general expectation is that inflation took place at a time corresponding to redshift

Zinf ~ 101, giving
Zine > 10 = N > 35 (5.21)
If inflation occurred at z,¢ ~ 10'?, then the Hubble scale during inflation was

Hiye ~ 1012 571 (5.22)

23



ICTP PWF Internship Report Newtonian Structure Formation

In this case, inflation lasted only

T~10""s (5.23)

Many models posit that inflation took place at an epoch when the early universe approached

Planckian energy scales:
Zig ~ 107 = N > 62 (5.24)
In this case,
Hipe ~ 10% 571 T~107% s (5.25)

which is an extraordinarily short time scale.

During a period when the universe was expanding exponentially (a o efint) the num-
ber density of monopoles — if they were neither created nor destroyed — decreased

exponentially:
nyy oc e SHmnt (5.26)

For instance, if inflation started around the GUT epoch, when the number density of

magnetic monopoles was
nM(tGUT) ~ 1082 m_3, (527)

then after the additional expansion from a(t;) ~ 2 x 10727 to ag = 1, the present-day

number density would be
na(to) =2 x 1078 ~ 5 x 10716 Mpc 2. (5.28)

With such an extremely small density, there would likely be no monopoles at all within

the last scattering surface.

5.3 The Inflaton Field

Inflation explains several puzzling aspects of cosmology, but questions remain: What
triggers inflation at ¢ = ¢;, and what turns it off at ¢ = ¢;7 If inflation reduces the
number density of monopoles to unpredictably low levels, why doesn’t it also reduce the
number density of photons to similarly low levels? Why doesn’t inflation flatten out the

local curvature due to fluctuations in the energy density, just as it flattens out the global
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curvature?

The effective way to implement a transient, inflationary phase in the early universe is
to posit the existence of a new field, denoted by ¢(x,t), a scalar field also known as
the inflaton field. The dynamics of this scalar field are best described using the action
principle. In particle mechanics, the action is an integral over time, but for fields, the

action is an integral over both space and time.

If ¢ has units of energy and its potential V' (¢) has units of energy density, then the energy

density of the inflation field is written as

£y = 2hc3¢ +V(9) (5.29)

in a region of space where ¢ is homogeneous. The pressure of the inflation field is

1
2hc3

Py = 50" = V(9). (5.30)

In Minkowski spacetime, the action takes the form

1. 2
S = /de dt [2¢2 — %ng Vo -V (o)], (5.31)
where for simplicity, we take the potential as

1
V(9) = gm*¢”, (5.32)
with m being the mass associated with the field. This action is the field-theoretic analogue

of the simple harmonic oscillator.

The equation of motion for ¢ follows from the principle of least action. Under variation
¢ — ¢ + 0¢, the action changes as

58 = / &P dt [¢'> 5 — AV - Vop — 0‘; 54

—/d%dt[ b+ V2 — ]w (5.33)

9¢
Requiring 05 = 0 for all §¢ gives the equation of motion

ov

b= V4 o=

0, (5.34)

known as the Klein—Gordon equation.
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We now generalize the action to a scalar field in a homogeneous and isotropic Fried-
mann—Robertson-Walker (FRW) universe. In flat space, the FRW metric is

ds* = —c*dt* + a*(t) dx?, (5.35)

where the scale factor a(t) changes the spatial distances.

The action now becomes

2

S = / & dt a(t) Bq's? - 7 )(v¢) (¢)] . (5.36)

As we are only interested in spatially homogeneous solutions, we take V¢ = 0 and
¢(x,t) = ¢(t). Then the action simplifies to

s = [dwdra( B& - V(qb)] . (5.37)

Varying the action gives

5Sz/d3xdta()[gb5¢— 5 54
_/dedt[ dt( *3) —a g‘ﬂ 5. (5.38)

Setting 6.5 = 0 for all ¢ yields the equation of motion:

ov

¢+3H¢+a¢

0, (5.39)

where H = a/a is the Hubble parameter. The extra term 3H¢ acts like a friction term

and is referred to as Hubble friction or Hubble drag.

The total energy density and pressure of the scalar field are

1
2¢2 +V(9), (5.40)

1.
Py= 5%~ V(o) (5.41)

The corresponding Friedmann equation is
1= o (584 V(9)) (5.42)

3My 3M2 \2 ’ '
2
where M? = is the reduced Planck mass squared.
Pl 81 @
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Taking the time derivative of the Friedmann equation gives

. 1 - , .
OHH = o (66 + V'(9)9) . (5.43)

Using the field equation to eliminate ¢, one obtains the Raychaudhuri equation:

a 8rG (¢2 _ V(qﬁ)) . (5.44)

a 3c?

Thus, an inflationary phase occurs when the potential energy dominates the kinetic energy,
i.e. V(¢) > ¢%. In the limit V(¢) > ¢?, the equation of state approaches Py >~ —pg4, which

mimics a cosmological constant.

We start with a scalar field sitting high on its potential with small ¢. This leads to inflation.
As the scalar rolls down, it gains kinetic energy and the inflationary phase eventually ends.
The presence of the Hubble friction term ensures that the scalar can come to rest, rather

than oscillating indefinitely.

Under the slow-roll conditions,

V(g)> 3¢, |9l < [3Hd|, (5.45)
the equations simplify to
G
H? ~ Vv 5.46
2 V(@) (5.46)
: ov
3Hp ~ ———. 5.47

The universe ceases to inflate when V' (¢) ~ $?, which typically occurs at ¢ = ¢eng. By

this time, the universe will have expanded by a factor

2rGE 1
> 31 (5.48)

~ exp[

Starting the scalar field higher up the potential produces an exponentially larger expansion.
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6 Structure Formation

The universe is homogeneous and isotropic only on large scales. On smaller scales, it
contains density fluctuations ranging from subatomic quantum fluctuations up to the large
superclusters and voids (~ 50 Mpc across) that characterize the distribution of galaxies in

space.

HDM(Hot dark matter leads) to structure formation that does not agree with observations.
Therefore, we can exclude HDM as the dominant constituent of dark matter. If the only
matter in the universe was cold dark matter, then structure formation would be driven
solely by gravity. Adding baryonic matter, which is capable of absorbing, emitting, and

scattering light, complicates the process of structure formation.

Before the time of decoupling at zge. =~ 1090, the baryonic matter was tightly coupled to
the photons. For z > 1090, the interaction of baryonic matter with photons prevented

dense baryonic lumps from forming.

The average density of baryonic matter today, at ty ~ 13.7 Gyr, is

Pary.0 = 4.2 x 107 kgm™ = 6.2 x 10° Mg, Mpc™?. (6.1)
We find that the density of stars and interstellar gas is approximately

Pen A 0.095 Mo Mpe ™~ 6.4 x 1072 kgm ™3 . (6.2)

This represents an overdensity of

G = Lo T PPv0 g o107, (6.3)
Pbary,0

6.1 The Continuity Equation

To derive the continuity equation, we consider a non-relativistic fluid with mass density p,
pressure P < p, and velocity u. By denoting the position vector of a fluid element by r

and time by ¢, the equations of motion are given by basic fluid dynamics.

Mass conservation implies the continuity equation:

dp

5+ Ve () =0. (6.4)
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Momentum conservation leads to the Euler equation:

) A
(&—Fu'vr)u—— Vi, (6.5)

which is simply Newton’s second law, F = ma, for a fluid element. The gravitational

potential ® is determined by the Poisson equation:

V20 = 47Gp. (6.6)

We decompose all quantities into background values and perturbations:

p(t,r) = p(t) + op(t,x), (6.7)

and similarly for the pressure, velocity, and potential.
Static spacetime case:

Ignoring gravity (® = 0), the background solution is simply p = constant and u = 0. The

linearized evolution equations for the fluctuations are:

O pVem, (6.8)

p(?; V6P (6.9)
Combining these two, we find:

0% _G2sp . (6.10)

ot?

For adiabatic fluctuations, the pressure fluctuations are proportional to the density fluctu-
ations:
6P =c2dp,

where ¢, is the speed of sound. Then the equation takes the form of a wave equation:

0 272
A plane wave solves this:
5)0 —A ei(wt—kr) ’
where w = ¢4k with & = |k|. Thus, in a static spacetime, fluctuations oscillate with

constant amplitude if gravity is neglected.
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Expanding universe:

In an expanding universe, the relation between physical coordinates r and comoving

coordinates x is

The velocity field is then
u(t)=1=Hr+v,

where v is the peculiar velocity.

The spatial derivatives transform as
V,=a'V,.
The time derivatives at fixed r and x are related by

0 0
(m): (m)j“'“

Substituting these into the continuity equation gives

ot

The fractional density perturbation is defined as

(%)
Il
bl‘g”

Zeroth order (background):
op _
— +3Hp=0
o TP =0,

which gives p o< a™3 the continuity equation for a homogeneous universe.

First order (perturbations):

) | spss 4 P, v =0,
ot a

Using the background equation to eliminate p, we obtain

. 1
0=—-Vg- V.
a

30

la _Hx. Vx] (1 +0)] + ivx A1+ 8)(Hax +v)| = 0.

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)
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The Euler equation becomes
. 1 1
V+ Hv=——Vy30P—-V4iP. (6.21)
ap a

In the absence of pressure and gravitational perturbations, this implies v oc a1,

Finally, the Poisson equation takes the form

V2§® = drGa®ps. (6.22)

6.2 Density Perturbations

Combining d; with V, we find
. .2, i
d0+2H — EV 0 =4rGpo (6.23)

This tells us that below the Jeans length, the fluctuations oscillate with decreasing
amplitude. Above the Jeans length, the fluctuations experience power-law growth, rather

than the exponential growth found in a static space.

The Newtonian framework describes the evolution of matter fluctuations. During the

matter-dominated era,
Om + 2H by, — 47G ppy = 0 (6.24)

Here, we have dropped the pressure term since ¢, = 0 for linearized CDM fluctuations.

Since a o t*/%, we have H = 2, and hence
. 4 . 9

where we have used 47Gp,, = %H 2. Trying J,, o< tP gives the following two solutions:

t~' oc a2, decaying mode

(6.26)

O, OX
23 x a, growing mode

Hence, the growing mode of dark matter fluctuations grows linearly with the scale factor

during the matter-dominated era.

During the radiation-dominated era, the equation becomes

O + 2H,, — 4GS pro; =0 (6.27)
I
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It is the total density fluctuation dp = dp,, + dp, which sources 0®. Radiation fluctuations
on scales smaller than the Hubble radius oscillate as sound waves, and their time-averaged
density contrast vanishes. It follows that CDM is essentially the only clustered component

during the acoustic oscillations of the radiation, and so
. 1. B
Om + Eém — A7 G POy = 0 (6.28)

Since d,,, evolves only on cosmological timescales, we have

.. S1G
By ~ H2G,, ~ %pram > A7G pdom (6.29)

where we have used p, > p,,. We now find that

constant,
O X (6.30)
Int < Ina,

We see that the rapid expansion due to the effectively unclustered radiation reduces
the growth of ¢,, to only logarithmic. We need to wait until the universe becomes

matter-dominated for the dark matter density fluctuations to grow significantly.

During the A-dominated era,
O + 2H,, — 4GS pro; =0 (6.31)
I
where I = m, A. As far as we can tell, dark energy does not cluster, so we can write
Om 4 2H b, — 471G POy = 0 (6.32)

In the A-dominated regime, H? ~ const. > 47Gp,,. By dropping the last term, we get

Om + 2Hb,, ~ 0 (6.33)
which has the following solutions:
constant,
O X (6.34)
e2Ht o g2,

We see that the matter fluctuations stop growing once dark energy comes to dominate.
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7 Conclusion

This study has outlined the physical framework for understanding the density perturbation
in the universe. The Newtonian Friedmann equation provides a powerful tool for modeling
the dynamics of cosmic expansion, while anisotropy in the CMB pinpoints the initial
density fluctuation, which further attracts more and more matter, much like the Matthew
effect. The necessity of a non-baryonic component is demonstrated through the application
of the virial theorem to galaxy clusters, thus confirming the gravitational dominance of
Dark Matter in structure formation. In addition, the inflation concept does explain the
naturalness problem and provides a theoretical basis for the initial conditions leading to

the formation of large-scale structures.
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