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Abstract

This report summarizes a research project investigating the generalization of the
two-dimensional Z2 Toric Code Model to a d-dimensional ZN Toric Code Model.
Using a path integral formulation and the Trotter-Suzuki decomposition, we map

the quantum partition function Z = Tr(e−βĤ) of the d-dimensional lattice to that
of an equivalent (d+1)-dimensional classical Ising-type lattice. The significance of
this mapping lies in its ability to translate the problem of quantum fault tolerance
into the language of classical phase transitions. We derive the explicit action and
Boltzmann weights of the Ising-type lattice as functions of the original quantum
couplings. We then study in detail the special case N = 2 and the code limit (zero
perturbation, low temperature), and further investigate the associated Kramers-
Wannier duality.

1. Introduction

Quantum computation is inherently fragile due to noise and decoherence. To achieve
fault tolerance, quantum information must be protected from local errors. Topological
quantum error-correcting codes, such as Kitaev’s toric code [1], provide a natural way to
realize this protection through global degrees of freedom that are resistant to local pertur-
bations. However, this protection is not absolute. Both thermal noise and perturbations
(errors in the Hamiltonian) can induce a quantum phase transition, destroying the topo-
logical order and the encoded quantum information. Understanding the threshold for
this breakdown is very important.

This research project approaches the problem by reformulating it into a more man-
ageable framework- that of classical statistical mechanics. The core idea is from the fact
that the d-dimensional quantum system, when subjected to perturbations, is equivalent
to a (d + 1)-dimensional classical system at a finite temperature. Specifically, in this
study, we reformulate the ZN toric code in the language of classical Ising-type theories,
use the Trotter-Suzuki decomposition to derive an equivalent (d+1)-dimensional classical
model, and then study the resulting dualities and trying to identify phase transitions that
correspond to error thresholds.

This formulation provides a bridge between quantum error correction, topological
order, and classical critical phenomena.

2. Methodology

2.1 The Lattice

Consider a d-dimensional hypercubic lattice Λ where

d := p+ q . (1)
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We will place our ZN spins on the p-cells. We assume that the lattice underlies a finite
oriented cubical (CW) complex of dimension d. Then we can consistently assign some
orientation to each cell of the lattice. For any p-cell b and (p − 1)-cell a we define the
incidence number :

ε(b, a) :=


+1 a ⊂ ∂b and the orientation of a matches the one induced from ∂b
−1 a ⊂ ∂b but the orientation of a is the opposite one
0 a ⊈ ∂b

(2)

2.2 The ZN Quantum Hamiltonian

We assign a N -dimensional Hilbert space Hb := CN to each p-cell b. The total Hilbert
space is defined as the tensor product of all the local Hilbert spaces:

H :=
⊗
b∈Cp

Hb. (3)

In each local space, we define the clock operators X̂ and Ẑ that satisfy

X̂ |i⟩ = |i+ 1 (modN)⟩ , Ẑ |i⟩ = ωi |i⟩ , (4a)

ẐrX̂s = ωrsX̂sẐr, X̂N = ẐN = 1̂. (4b)

X̂† = X̂−1, Ẑ† = Ẑ−1. (4c)

where ω = ei2π/N , N-th root of unity and |i⟩ are the basis states.
For a (p−1)-cell a define an operator involving a product over all the p-cells attached

to a:
Âa :=

∏
b⊃a

X̂
(−1)pε(b,a)
b . (5)

Similarly, for a (p+ 1)-cell c define:

B̂c :=
∏
b⊂c

Ẑ
ε(c,b)
b . (6)

Using Âa and B̂c, we can now define the stabilizer operators and the Hamiltonian:

Âa :=
1

N

N−1∑
n=0

Ân
a , B̂c :=

1

N

N−1∑
n=0

B̂n
c . (7)

They are both projectors, and in particular Hermitian. And the Hamiltonian is:

Ĥ0 := −
∑

a∈Cp−1

JaÂa −
∑

c∈Cp+1

KcB̂c, (8)

Ĥ1 := −
∑
b∈Cp

N−1∑
n=0

(
g
(n)
b X̂n

b + h
(n)
b Ẑn

b

)
, (9)

Ĥ := Ĥ0 + Ĥ1. (10)

Note that (8) is nothing but the specialization of [1, eq. 13] to the ZN case, without the
constant terms.

The full Hamiltonian Ĥ = Ĥx + Ĥz is the subject of our study, where Ĥx contains all
X̂-type operators (Âa and g

(n)
b ) and Ĥz contains all Ẑ-type operators (B̂c and h(n)b ).
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2.3 Mapping to a Classical Statistical Model

Our primary method is to map the quantum partition function Z = tr
(
e−βĤ

)
to a

classical one.

1. Trotter-Suzuki Decomposition: We apply the Trotter-Suzuki Decomposition
formula to write the partition function in the following way: [2]

Z = tr
(
e−βĤ

)
= lim

M→∞
tr
(
e−

β
M

Ĥxe−
β
M

Ĥz

)M
(11)

2. Resolution of Identity: We choose the basis states as |s⟩ (the eigenbasis of Ẑb

with eigenvalue ωsb) and insert a resolution of identity
∑

s |s⟩⟨s| = 1̂ between each
Trotter step.

Z = lim
M→∞

∑
s(0)

· · ·
∑

s(M−1)

⟨s(0)|Û |s(1)⟩⟨s(1)|Û |s(2)⟩ · · · ⟨s(M − 1)|Û |s(0)⟩. (12)

where we have defined Û :=
(
e−

β
M

Ĥxe−
β
M

Ĥz

)
and to track of where we have inserted

certain state, we shall denote the basis vectors inserted between the ith and the
(i+ 1)th copy of the operator as |s(i)⟩.

3. Classical Action: The next step is to calculate the above matrix elements, mul-
tiply them and sum over all the slices of s. This procedure creates a (d + 1)-
dimensional lattice Λ where the original d-dim lattice is the “spatial” extent and
the M steps form a “temporal” direction. Roughly, vertical cells of the (d+1)-
dim lattice are “world-volumes” of lower dimensional horizontal cells as they are
dragged in the time direction. The summation variables s(i)b (eigenstates of Ẑb)
and new summation variables n(i)a (arising from matrix elements of Âa) become
the classical degrees of freedom. We package the ZN degrees of freedom s and n
into a p-forms ϕ on Λ:

ϕ ∈ ZCp

N , ϕb(i) := s(i)b, ϕa(i) := n(i)a (13)

3. Key Findings

3.1 The (d+ 1)-Dimensional Classical Action

We finally find the (d+ 1)-dim classical action is:

Z =
∑

ϕ∈Z
Cp
N

 ∏
c∈C∥

p+1

W ∥
c ((Dϕ)c)

∏
b∈C⊥

p+1

W⊥
b ((Dϕ)b)

∏
b∈C∥

p

V
∥
b (ϕb)

∏
a∈C⊥

p

V ⊥
a (ϕa)

 . (14)
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where the weights and sources are given in the following:

W ∥
c (x) := exp

(
βKc

M
δN(x)

)
(15a)

V
∥
b (x) := exp

(
N−1∑
n=0

βh
(n)
b

M
ωnx

)
(15b)

V ⊥
a (x) := δN(x) +

eβJa/M − 1

N
(15c)

W⊥
b (x) :=

N−1∑
j=0

(
1

N
e
∑N−1

m=0

βg
(m)
b
M

ωmj

ω(−1)pjx

)
(15d)

This is a (d + 1)-dimensional statistical mechanical system with ZN -valued degrees of
freedom on p-cells whose Boltzmann weights are given by W , coupled to sources given
by V .

3.2 Code Limit

In the code limit (g, h→ 0 and βJ/M, βK/M →∞), the Boltzmann weightsW⊥ andW ∥

become δN -functions and both of the source terms (V ⊥ and V ∥) become field independent
and contribute at most an overall multiplicative factor that does not affect dynamics. The
partition function is then

Z =

∏
a∈C⊥

p

eβJa/M

N

 ∑
ϕ∈Z

Cp
N

 ∏
c∈C∥

p+1

(
1 + eβKc/MδN((Dϕ)c)

) ∏
b∈C⊥

p+1

δN((Dϕ)b)

 . (16)

This finding demonstrates that the classical partition function is dominated by configu-
rations with zero ”curvature”—i.e., p-cocycles (Dϕ = 0).

3.3 Special Case N = 2

For the special case N = 2, the ZN clock operators become the standard Pauli matrices
σx, σz. The Hamiltonian is

Ĥ = −
∑

a∈Cp−1

JaÂa −
∑

c∈Cp+1

KcB̂c −
∑
b∈Cp

(
gbσ̂

(b)
x + hbσ̂

(b)
z

)
(17)

and the corresponding Classical partition function becomes

Z =
∑

ϕ∈ZCp
N

[ ∏
c∈C∥

p+1

(
1 +

(
e

β Kc
M − 1

)
δ2((Dϕ)c)

) ∏
b∈C⊥

p+1

1

2
e

β
M

gb
(
1 + e

β
M

gb(ω−1) ω(−1)p(Dϕ)b
)

(18)∏
b∈C∥

p

(
e

β
M

hbω
ϕb

) ∏
a∈C⊥

p

(
δ2(ϕa) +

eβJa/M − 1

2

)]
(19)
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For N = 2, ω = −1 and after some algebra, the partition function simplifies as

Z = N
∑

µb=±1
νa=±1

exp

 ∑
c∈C∥

p+1

Rc

∏
b⊂c

µb +
∑

b∈C⊥
p+1

Gb µb(i+ 1)µb(i)
∏
a⊂b

νa +
∑
b∈C∥

p

Hbµb +
∑
a∈C⊥

p

Laνa

 .
(20)

We have renamed the couplings as

Rc :=
βKc

2M
, Hb :=

βhb
M

, Gb := arctanh
(
e−2βgb/M

)
, La := arctanh

(
e−βJa/M

)
. (21)

We can now package µb and νa into a single field ψb

ψb =

µb, horizontal p-cell,

νa, vertical p-cell.

Then the µb(i+ 1)µb(i)
∏

a⊂b νa term is nothing but the product of ψ, and finally the Z2

action becomes

S(µ, ν) := − 1

β


 ∑

c∈C∥
p+1

Rc +
∑

c∈C⊥
p+1

Gc

∏
b∈∂c

ψb +

∑
b∈C∥

p

Hb +
∑
b∈C⊥

p

Lb

ψb


which matches with the result of [3].

3.4 Kramers-Wannier Duality

A major finding of this project is the derivation of a Kramers-Wannier duality for the
classical action. By applying a character expansion (Fourier transform) to the partition
function ZΛ,p(W,V ), we map it to a new partition function on the dual lattice Λ∨.

ZΛ,p(W,V ) ∝ ZΛ∨,d−p(θ
∗Ṽ , θ∗W̃ ) (22)

This duality relates the partition function of the original model to that of a dual model,
where the classical fields are (d− p)-forms. We find this duality maps the couplings as:

• Stabilizer strengths are swapped: J ←→ K

• Perturbation strengths are swapped: g ←→ h

This powerful result relates the high-temperature (weak coupling) expansion of the orig-
inal model to the low-temperature (strong coupling) expansion of the dual model. The
phase transition, if one exists, occurs at the self-dual point where the model is equivalent
to its dual.

4. Discussion and Future Work

This project has successfully established a rigorous mapping between d-dimensional ZN

quantum codes and (d + 1)-dimensional classical statistical models. The significance of
this mapping is profound. The stability of the fault-tolerant quantum phase is equivalent
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to the ordered phase of a corresponding classical model. The breakdown of the quantum
code is a classical phase transition.

Based on the solid theoretical framework established, the immediate next step is to
study the phase transition. We are now trying to do a Monte-Carlo simulation to find
the phases of the classical lattice and critical points for those phase transitions.
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