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1 Introduction

When we started studying physics, we were interested in understanding microscopic con-
stituents, which are the fundamental building blocks of nature. Quantum field theory
remains the most effective language of these fundamental building blocks to date. It
is a powerful mathematical framework that has revolutionized our understanding of the
fundamental forces of nature, from the subatomic scale to the cosmological scale. Its
applications are huge, ranging from high energy physics to condensed matter physics.
One of the most significant achievements of QFT has been the unification of the elec-
tromagnetic force and the weak nuclear force of particle physics, as well as the Higgs
mechanism. The key role played in this context is the use of symmetries, which simplify
the problem by reducing the number of degrees of freedom or by mapping the problem
to another, more tractable system.

However, there are many challenges in QFT, such as understanding the behavior of

a system with strong coupling, among others. Besides these challenges, there are some



seemingly mundane but nuanced questions in QFT, specifically Quantum Electrodynamic

(QED), that are of particular interest in this report, such as

Q. What is the symmetry principle behind the conservation of magnetic flux lines?

In ordinary 4D Maxwell theory, there are magnetic flux lines (e.g., magnetic field
lines of a solenoid) that do not end in space or time due to the non-existence of
magnetic monopoles. So, the number of these field lines is a conserved quantity.
This is a result of the Bianchi identity, also known as Gauss law for magnetostatics
and it’s an off-shell conservation as seen in the electric frame. But using S-duality
(see Appendix , we can go to the magnetic frame. In this frame, Gauss law
for magnetostatics becomes the equation of motion, and according to Noether’s

Theorem, there must be some symmetry associated with it.

Q. Why photons are massless in D = 47

The most common answer would be U(1) gauge invariance. However, if we look
at Anderson’s work [I], we see that photons can be gauge-invariant and still be

massivel!

Q. How can we extend the Landau Paradigm to explain phenomena, e.g., topolog-

ical order, non-Fermi liquids, etc., under the framework of QFT?

According to the Landau Paradigm, different phases of matter are defined by pat-
terns of broken € unbroken symmetries and critical points between phases can
be studied by universal theories of the order parameter.

However, much of the modern work of condensed matter involving phases and
transitions in between does not fit into this paradigm, e.g., we have the Coulomb
and Higgs phases U (1) gauge theory in the continuum, which seem different because
there is no local order parameter for this, and similarly for non-Abelian gauge
theory and confinement; topological order (for instance, deconfined phases of lattice
gauge theory, fractional quantum Hall states, etc.); non-Fermi liquids; deconfined

criticality; etc.

It turns out that the symmetry principle behind these questions has only recently
been understood [2], motivated by non-Abelian gauge theory. These generalized notions
of symmetries help in recasting various properties of gauge theories and also lead to the
discovery of many phases of the theories. These symmetry structures are generalized in a
way that they do not possess a group structure; rather, they have a higher group (in some

cases of higher-form symmetries) or categorical structure (in the case of non-invertible



symmetries), where some of the group axioms are relaxed [3, [4, [5].

The objective of this report is to explore these generalized notions of symmetries and,
in part, to explain the questions mentioned above under the framework of generalized

symmetries.

2 0-Form Symmetries

Symmetries play a crucial role in understanding the behavior of any physical system.
They are a powerful tool for simplifying and solving problems in theoretical physics. In
this section, we will have a brief review of some basic aspects of O-form, i.e., ordinary
symmetries in QFT, which will be useful in the generalization to the case of higher-form

symmetries.

To orient the discussion on symmetries, let’s start with an example of U(1) O-form sym-
metry. Such a symmetry is associated to a Noether current, which is a local operator

JH(x) satisfying the continuity equation [0]

8,J"(x) = 0 (1)
In terms of differential forms, the Noether current can be thought of as the components
of a 1-form,
J = J,dz" (2)
whereas its Hodge dual,
1 V1 Vo Vp_1
*xJ = mjuﬁﬁl ..... VD_ldl' ANdx?? N Adz"P (3)

is a (D — 1)-form.
As the current is conserved on-shell, this means that if ¢ satisfies the equations of
motion, we get
d«J =0 (4)
and hence the Noether charge can be written as an integral over a codimension-1 sub-

manifold Xp_;

QSpy) = /E o (5)

2.1 Ward Identities

The classical conservation equation [1|is somewhat modified in the quantum theory, which

is the so-called Ward identities, which lead to relations among correlation functions of the



theory [6]. They can be derived in a simple way using the path integral [3], [6]. Consider

the partition function
7 = / Depe’® (6)

So, correlation functions are expressed as
1 N
() = 5 [ oxe s x =[] o) @
j=1

As the fields are merely integration variables, we are free to rename them or to make
changes to the integration variables. First, we rename the fields ¢ — ¢’ and then perform

a variable change in the path integral according to

¢ — ¢+ €(x)oe (8)

This amounts to

06) =5 [ D[] ota)e’

1 /N / 1S’
:§/D¢jﬂl¢<xj>es

= % / Do[X + Zsb(xl) ..... €a00a(7j).nd(n) + XS + O()]e™

(9)

where, 65 = [dPzJ*(x)d,e.(x) = — [ dPxe,(2)0,J#(x). Thus, the above relation en-
ables us to find the Ward identities

O (T (@) p(1)....p(xn)) = —i Z PNz — 2, (P(21).....000(5)....0(zN)) (10)

which provides a set of relations among correlation functions and conservation laws at

non-coincident points.



Now, Integrating x over the region [t ,t_] x RP~!

([QUt+) — Q(t-)]o(21)Y) = —i(dp(21)Y)
= ((Qt4)o(1) = ¢(21)Q(L-))Y) = —i(0p(21)Y)
= ([Q(1), ¢(x1)]Y) = —i(de(21)Y)
= [Q(t), ¢(1)] = —id¢(x1)

(11)

Here, Y = HjVZQ o(x;)

2.2 Phases of Matter, SSB & Goldstone Mode

Recall that under ordinary, i.e., 0-form symmetry, the field ¢ is the order parameter for

the transition [8], because it behaves so differently in the two phases:

e Unbroken Phase: For p? > 0, we have a unique vacuum in which ¢ is basically
zero, i.e., (¢p(x)) = 0. Because this vacuum is invariant under, say, U(1) symmetry,
thus U(1) symmetry is unbroken. In this phase, we can imagine doing a calculation

of the following two-point function:
(6 (2)o(y)) ~ e (12)

e SSB Phase: For 1 < 0, the potential has a family of minima at |¢|> = v?. Thus
the vacuum will have a nonzero value of (¢(x)) = |v|. In this phase, the particles
have condensed; thus, the U(1) symmetry is spontaneously broken. Hence, consider

the computation of the following two-point function:

lim (¢ (2)d(y)) ~ (¢'(x)){6(y)) (13)

|z—y|—=0

/ﬁ > 0, <¢>0 =0

When |u]? =
p? <0, (b =v]

Figure 1: Two phase of U(1) symmetry




Now, we will derive the most important consequence of SSB, i.e., the Goldstone
theorem, which states that when a global continuous symmetry is spontaneously broken,
then there are massless excitations (Goldstone bosons) in the spectrum [7]. This result
can be directly constructed from the Ward identity [I0} For a single field,

02 (@)¢a(y)) = —i0P (@ = y)(66a(y)) (14)

Taking the Fourier transform with respect to x
/ dPxe™0, (Il (x)pa(y)) = —i / dPze®* 60 (@ — y)(36a(y))
> i [ a2 )6, (0) = ~ie™ (50, 1)

(15)
o P (T (D)ba(y)) = P 50u(y)) 3 T (p) = / 4P e 0 ()
=> p(JH(p)e P, (y)) = (66a(y))
Integrating over y both sides
Pl T (P)du(—p)) = / P y(56a(y)) = (06a(p = 0)) (16)

Since (0¢.(p = 0)) is the order parameter that characterizes the possible phases of the
theory [§] that is

0, Unbroken phase
(00a(p = 0)) = (17)

otherwise, Broken phase

In the broken phase, therefore, the correlation function (J*(p)¢.(—p)) must have a pole
at zero momentum. To see this from above, first note that (J*(p)p.(—p)) ~ c(p)p*
(obtained by index structure of current).

Now, in the case of an SSB phase, (d¢,(p = 0)) # 0 is some constant independent of

the momentum p#. To satisfy this we must have ¢(p) ~ z% ie.

(JE(P)Pa(=D)) ~ =5 (18)

This indicates the presence of massless physical excitations within the spectrum. Such

excitations are referred to as Goldstone bosons.

2.3 Charge Operator as Topological Operator

The physical interpretation of Noether charge
Q(Xp-1) :/ *J (19)
Yp-1
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is that it is the integral over the time-slice intersects all of the particle world lines — you
can move it up and down in time and get the same answer [5]. Moreover, the world-lines
can’t end because the particle number is conserved, which is just the count of the particle
number.

Notice that, Q(Xp_;1) appears to be a function of the manifold ¥p_;— however, be-
cause the current J* is conserved, it is actually independent under small wiggles of ¥p_1:
it is a topological defect in the theory (topological means invariant under deformations

of some manifold) which is we will see below [3]:

Using Stokes theorem on Ward Identity for a single field [I4], we get
[ tarset) = [ o) = QE10() (20)
p-1 0Xp_1

According to
(Q(Sp-1)(y) = —i / P25z — 4) (56(y) (21)

So, we can identify fz dPzdP)(z — y) as intersection number of ¥ and y. Therefore,

Link(Xp_1,y) = / dP 6P (z — y) (22)
¥p_1
which is 0 or 1, depending on whether y is inside the region Y or not. Hence, we write,

(Q(Ep-1)o(y)) = —iLink(Xp_1,y)(6¢(y)) (23)
Now, note that both Link number defined in [22| and charge, Q(Xp_1) are topological. So

we consider a deformation of the original region ¥p_; to ¥, _; = X¥p_1 U Xy, such that

y ¢ ¥o. This implies

Q(E’D_l)Z// (dx Jo(y)) ://

D—1 D—1

(dx Jo(y)) + / (dx Jo(y))

(24)
_ /a 6 = Q(Zo-)

where, as y ¢ ¥, we have set d x J = 0 inside the correlation in the last term of the
first line. Therefore, conservation law is translated into the fact that the charge operator,

Q(Xp_1) is topological.

For continuous symmetries, the unitary operator implementing the corresponding trans-
formation can be systematically constructed from this Noether charge

*J

U(Sp_1) = e fmps (25)

whose properties are as follows [4]:



e Topological Nature : U is a topological operator i.e.
U(Xp1) =U(Ep4) (26)

This implies that codimension-1 submanifold of spacetime, ', | can be obtained

by topologically deforming ¥p_; (Figure .

Figure 2: Codimension-1 submanifold of spacetime, ¥/, ; can be obtained by topologi-
cally deforming > _;.Placing a topological operator U along Y _; is equivalent to placing

it along 37,_,.

Let’s get back to the example of U(1) O-form symmetry to unpack this further: Since
Y54 can be obtained by topologically deforming ¥p_ ie., ¥, | —¥p_y = 0¥p

we can write

= U(Sp_y) x € ep ™/ (27)

UY)_ ) = U(Sp_y) x e Josp*’

Recall canonical QFT, this is just an analogous way of saying that a unitary oper-
ator, U(t), acting on the Hilbert space at time t commutes with the Hamiltonian

generating time evolution, i.e.

Ut) =U(t) ; Vt,t (28)

e Invertibility : U is invertible i.e.

U(Sp ) (Sp_1) =1 (29)



This means that there exists another topological codimension-1 operator U’ such
that inserting both U and U’ along the same codimension-1 submanifold Xp_; is

equivalent to inserting no operator along >p_;.

Group multiplication law : Group multiplication describes the composition of

these operators
U(Sp_)U'(Sp_y) = e @ mpi (30)

Action on Local Operator : U acts on the local operator O(x) by converting it into

the local operator O'(z) i.e.
U(Sp1)0() = O@U(Sh_,) ; @ = (7.1 (31)

which is analogous to U(t) acts on all of space, because it acts on local operators

located at any point in space. The action is implemented by conjugation
U)O@, 1)UL (t) = O'(Z,1) (32)

Let’s get back to the example of U(1) 0-form symmetry to unpack this further:
According to the Ward identity, the current is not conserved in the presence of a
local operator O(x) of charge ¢ € Z under U(1), i.e., we have a modification to the
continuity equation

O(z)d % j = ¢6" (2)O(x) (33)

where 07 (z) is the D-form Poincaré dual to the delta function 6(z — 2’). Since
for any D-dimensional spacetime, a point can always link with a closed (D — 1)-
dimensional manifold like SP~! that surrounds it (Figure . Hence,

U(SPH0(z) = ¢ Jown ™ O(x)
B ()
= ¢ qéD(‘r)O(a:)
= e"™O(z)

(34)

So, O(x) will pick up a phase. This is most cleanly represented if we imagine placing
the defect on a SP~! that links the O(x) and then collapsing it (Figure [3).



= e T O(:r)

Ua(S1)

Figure 3: Collapsing U(SP~!) into local operator O(z) acts as phase rotation.

Notice that throughout the whole subsection, we have constructed the same old canon-
ical QFT in a generalized notion. Seeing such fashion, a crucial insight about 0-form

symmetry [2] can be expressed as follows:

“0-form symmetries are Topological codimension-1 operators which are invertible.”

3 Higher Form Symmetries

In this section, we will generalize the previous discussion to the case of a 1-form symmetry.

Like before, we will start with Noether’s current. For 1-form symmetry, the current

can be thought of as the components of a 2-form
1 v
J = ijuudxu A dx (35)
Hence, the conservation law d x J = 0 reads
D' =05 J = Jm (36)

Note that, we are choosing antisymmetric tensors because they don’t need a metric to
define parts of the action and hence can describe topological objects, while symmetric
tensors like the stress tensor couple to the metric by definition and hence can’t describe

topological objects. Now, Noether’s charge
QEps) = / “J (37)
YXp-2

10



Like O-form global symmetries count particles, this object is associated with a U(1)
symmetry, which counts strings! Because strings are one-dimensional extended objects
that do not end in space or in time. So, an integral over a codimension-2 surface is enough
to count all the strings.

Note that, the 2-form conserved current in |36| has one extra index compared to that
of the usual 1-form current associated to conventional O-form symmetries. This extra
index can be intuitively understood as referring to the direction in which a string points

in spacetime.

Figure 4: Integration over ¥p_s counts the number of strings that crosses it at a given

moment.

For 1-form symmetries, the unitary operator can be constructed from the Noether

charge
U(Sp_o) = & epa™’ (38)
whose properties are as follows [4]:
e Topological Nature : U is a topological operator i.e.
U(¥p-2) = U(Xp_y) (39)
e Invertibility : U is invertible i.e.
UXp)U(Xpo)=1 (40)

e Group multiplication law : Group multiplication describes the composition of

these operators
*J

U(Sp2)U'(Sp) = ¢ ooy (41)

11



Another thing to mention is that higher form symmetries are always abelian be-
cause we can use topological deformations to change the ordering of two topological

operators of codimension greater than one.

3.1 Action on Extended Operator

From 0O-form symmetry, we learnt that they act on a O-dimensional point-like local op-
erator. This action can be understood as a consequence of moving the codimension-1
topological operator U(Xp_1) associated to the 0-form symmetry past the local operator
(Figure [3).

So now we ask, On what these higher form symmetries act on? Generalizing the notion
of O-form, the answer is p > 1-form symmetry does not act on any local operators, as one
can deform the corresponding codimension- (p + 1) topological operator U(Xp_,_1) past
a local operator O(x) along a codimension-p submanifold ¥p_, that does not intersect
the point x [4] and that’s how they also bypass the powerful Coleman-Mandula Theorem
[9], which is a No-go theorem.

Coleman—Mandula Theorem (No-go Theorem)

Sarcastically, If we try to generalise, say the current of a theory by adding more
indices (e.g., higher spin objects like J#*P) ), then Coleman & Mandula proved that
any QFT in D > 2 that has such currents is necessarily a theory of free particles,

i.e., S-matriz is trivial !!

Intuitively, the reason behind this is that if you consider higher spin cur-
rents, then the corresponding conserved charges would have to be a nonlinear
polynomial of momenta of the particles, and they would lead to conservation
laws involving sums of squares and cubes of the external particle momenta.
And if we impose such conservation laws, they are extremely powerful and way
over-constrained. These over-constraints render the scattering problem intractable,

making scattering impossible.

Hence, Higher form symmetries do not act on particles and local operators,

and thus they evade the No-go Theorem.

Thus, from the above discussion, we can state in terms of Link:

12



p-dimensional object can link with g-dimensional object in D-dimension if D =
p+q+1[13].

So, for 1-form symmetry, the unitary operator, U(¥Xp_2) acts on line operator, W|[C]
as we can link the corresponding codimension-2 topological operator with 1-dimentional

line operator (Figure [5)) and the corresponding equation similar to 34| be
U(Sp_o)WI[C] = e~ HnkEp-2011(C] (42)

where, Link(Xp_»,C) = szfg §P=Y(z € C) similar to

Figure 5: U(Xp_2) links the line operator, W[C] and then collapsing it, we see phase

rotation in U(1) 1-form symetry.

Therefore, from the above discussion on 1-form symmetries, it can even be generalized

to any p-form symmetry [2] as follows:

“p-form symmetries are Topological codimension-(p + 1) operators which are

mvertible.”

3.2 Ward Identities

We remember the case of a O-form symmetry, where under an infinitesimal global trans-
formation characterized by the closed O-form parameter, ¢, i.e., de = 0. Hence, a local

operator transforms as

o(x) = ¢ () = ¢(x) + edp(x) (43)

13



Likewise, the infinitesimal transformation for 1-form symmetry reads [3]
W(E) = W(€) = WE) + [ &(Sn-2)W (O (49)
c

Here, the transformation parameter is a closed 1-form §; = {,dx*, namely, d§; = 0.From
this expression we can derive the corresponding Ward identities. Let us consider the

correlation function involving a single defect [3],
wie) = [ ow(e)es
= / D'W'(C)eS?)
= [Powi© + [ €= awien -+ iss)e (45)
= 0= [ &= ) (EW(E)) + (55 W)
= 0= [ &S W(e) —i [ dag,omW(C)

Here, 05 = [dPzJ"™0,¢, = —i [ dP2£,0,J". Thus, the above relation enables us to
find the Ward identities

i / AP 16,0,(TW (C)) = / dy &, (5W(C))
_ / e, /C dy? 5P (z — ) (GW (C)) (46)

> B(TW(C)) = —i / dy’ 5P (z — y) (oW (C))

3.3 SSB & Goldstone Mode

We now explore SSB of 1-form symmetries in gauge theories. Since WC] is the order pa-
rameter for the electric 1-form symmetry, the expectation value, (W (C)) usually depends

on geometric attributes, such as the area enclosed by C or its perimeter [2]:

<W[C]> ~ eArea[C] or <W[C]> ~ ePerimeter[C] (47)

14



Figure 6: (WW[C]) depends on geometric attributes, such as the area enclosed by C or its

perimeter in SSB of a 1-form symmetry.

e Unbroken Phase: For a large loop C, the area law decays much more quickly [3]
(W[e)) ~ e*© — 0 (48)

Hence, the area law is interpreted as a vanishing value of the order parameter,

corresponding to an unbroken phase.

Here, Area|C] is the area of the minimal surface that fills in the curve C, i.e., the
minimal surface S such that S = C. This is the higher-form analogue of the
exponential decay shown in 12, To understand this, consider the objects we count
— i.e., the string worldsheets — which are massive with tension [5]. Thus, the line

operator creates a 2D worldsheet that must fill in the curve.
e SSB Phase: For a large loop C, the perimeter law almost don’t decay [3]
<W[C]> ~ 6Perimeter(c) 7& 0 (49)

Therefore, in analogy with the case of 0-form symmetries, the perimeter law is
interpreted as implying a nonvanishing value of the order parameter, and then is

associated with phases where the 1-form symmetry is spontaneously broken.

One can imagine this as the strings have “condensed”, i.e. that the tension has
dropped to zero [5]. The idea here is that just as in [13|the correlation function has
factorized as much as possible; however the line operator can always be redefined by
a c-number which is a local functional of C, and thus the behavior above is essentially
the same as saying that the line operator is a constant which is independent of C.

The parameter is thus non-universal.

If the 1-form symmetry is continuous, this leads to the existence of Goldstone

excitations.

15



To find the Goldstone excitations [3], we can follow precisely the same reasoning we did
in the case of O-form symmetries. The starting point is the Ward identity 46, which we
rewrite here with (§W(C)) = —iq.(W(C)),

QTN = g [ ds(a = )W) (50)
Taking the Fourier transform, we get

DT (D)W (C)) = g, / dy 6P (1 — ) (W(C))
c (51)

> lmip P GW(E) = 4. [ dr's =)V (C))

Whenever (W(C)) # 0, the correlation function (J*(p)W (C)) must have a pole at p = 0.
To see this, first note that (J* (p)W(C)) ~ c1(p)[p* [, dy”e™ — p* [, dy"e™]] (obtained
by index structure of 2-form current and recalling that it is anti-symmetric in its indices).

Now, in the case of an SSB phase, (0¢,(p = 0)) # 0 is some constant independent of

the momentum p*. To satisfy this we must have ¢;(p) ~ z% ie.

pH fc dyveipy — fc dyueipy

(S (P)W(C)) (52)

This implies that there are massless modes in the spectrum, which is the spontaneous

breaking of the continuous 1-form symmetry.

0-form 1-form
Current: Jh = (p,7) JH = (JO% Ji)
Geometry: pointlike object stringlike object
Conservation law: oJ" =0 OuJ* =0
Operator: local operator, ¢(z) line operator, W (C)
SSB phase:  (0(2)6(1)) ~ (6/@)(6()) (W(C)) ~ e Ferimetar)
Unbroken phase: (¢t (2)p(y)) ~ e~mle—vl (W(C)) ~ e~Areal)

4 Higher form Symmetries in Maxwell Theory

In this section, we will look at U(1) gauge theory with no matter fields i.e., pure Maxwell
theory, in the light of generalized symmetries and answer the questions we asked at the

beginning.

16



Consider A = A, dz" be 1-form U(1) gauge field. Its strength is
F=dA (53)

which is a 2-form on spacetime i.e., F' = %F wdxh A dz¥. So, the action is given as

1
S=—-—— FAxF o4

For U(1) symmetry, associated Noether current, J,, = %GWPUF P? such that

d«F =0 (55)

where, Hodge dual xF' is (D — 2) -form. Hence, the Noether charge

Qe(Xp2) = / *F (56)

YXp-2

Now, from [53| and the fact that the exterior derivative operator is nilpotent, i.e, d*> = 0,
we get the Bianchi Identity
dFF =0 (57)

Since Maxwell theory has S-duality (discussed in Appendix , we can consider F' as
a Noether current in dual space. Hence, we deduce the existence of a (D — 3)-form

symmetry, for which Noether charge

Qm(Z2) = / F (58)
Py
Therefore, we can construct topological operators that enacts this symmetry

Uée) —_ eiafED_Q e & Uém) = eiafZJZF ;g€ U(l) (59)

Pure Maxwell theory has U(1) 1-form symmetry, Uée) known as the electric 1-form
symmetry and U(1) (D — 3)-form symmetry, Ug(m) known as the magnetic higher
form symmetry.

U1 @U1)R™

m

4.1 Action on Line Operators

Let’s ask, what are the observables of the theory described by action[54)! An intuitive guess

is that it will be gauge-invariant objects, related to F,,, and manifest as local operators.

17



It turns out that such extended gauge-invariant entities are already well-known in QFT,

named Wilson line operators or defects [6]
W(ge,C) = e'®de A (60)

The Wilson line can be interpreted as the world line of a non-dynamical, massive, charged
particle. Such a particle is the source of the electric flux. Using insights from [14], we

can calculate the correlation of Wilson line
(Wiao, ) = [ DAcrdecsl
_ /DA ¢/ e A5z Jnp, FAWF (61)

_ /DA gite Jyp, 8P ©NA= gLy PAsF

where, (P~Y(C) is a (D—1)-form delta function defined as 6P~V (C) = [, 6P~V (C) = 1.
3
Here, X% | is a (D — 1)-manifold that transversely intersects C once.
Hence, it is evident that the Wilson line acts as an electric source, and in its presence,

the equation of motion for A be

dx F = q.e*PV(z () (62)
By integrating, we get Link
/ *F = q.e’Link(Xp_o,C) (63)
YXp-2
So, according to [42| we write
(Us (2p—2)Wlge, C]) = 't Er=2C(1Wg,, C]) (64)

As we explored S-duality (Appendix, we can also define a gauge-invariant line operator

that is the magnetic dual to the wilson line, named t’Hooft line
W (gm,C) = e'im%e B (65)
where B is the dual gauge field, such that H = xF' = dB. Hence, we can write
Uy (Sp-2)W g, C]) = eltmatinEo-20 (W g, C]) (66)

Now, due to the presence of charged matter in the theory, the Wilson lines can end on
them. Thus, there is a way in which we can unlink 3 _5 and C (Figure [7)), which is the
case of trivial linking, meaning U (X p_5) here essentially becomes the identity operator
[13].
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Figure 7: Ug(¥p_») wrapping line operator W{qc, C] can unlink if Wg., C] end on charges.
On the left, we have a non-trivial linking and on the right, a trivial linking. In this case,
both sides have to match for U$(Xp_2) to be topological, implying Ug(¥Xp o) is the

identity operator.

[ Electric 1-form symmetry is explicitly broken in Mazwell Theory. ]

On the contrary, no such trivial linking happens for the t’Hooft lines due to the
non-existence of a magnetic monopole. This answers our first question, asked at the

beginning:

Q. What is the symmetry principle behind the conservation of magnetic flux lines?

Ans: Magnetic (D — 3)-form symmetry is associated with the conservation of

magnetic flux lines in Pure Maxwell Theory.

4.2 Photon as Goldstone Mode !!

In this section, we will discuss the spontaneous breaking of continuous 1-form symmetries
[10, 1T, 12, 13] of QED in D = 4, where the Goldstone modes arising due to the spon-
taneous breaking of the magnetic 1-form symmetry is precisely the photon. Note that
the corresponding conserved current J,,, ~ €,,,,F7° creates gapless excitations from the

vacuum in the broken phase as

|G) ~ JH()]0) (67)
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where |G) stands for the state corresponding to the Goldstone mode. Now, the free field

expansion in terms of ladder operators satisfying 9> A* = 0 (Feynman gauge):

4

() = 1 d3—’ € —ipx CLT eipx
10 = G | 24 +al(p)e (69

where €y (p) are four linearly independent polarization vectors — out of which not all are

physical since some of them do not satisfy (0/0,A4*|0) = 0 (negative norm state) and
other states have zero norms. We exclude these to get only two physical polarisations —
say corresponding to A = 1,2 in the above equation [68 which is the correct number of
physical degrees of freedom for the gauge field A* in 4D. Then, a single photon state is
created by

A, B) = al(p)|0); A =1,2 (69)

with the commutation relation satisfying
[ax(p), al ()] = (21)*6\n 0@ (= p); AN =1,2 (70)

Now, let us compute F,, from

4

27r / ;3|__z; L) [—aa(p)e™ + al(p)e® — (n+—v)]  (71)

Leading to

4

oL *p v ul —ipz
0P = s | i SO ~ e (72)

With the above setup, now let us compute the matrix element between |\, I ) and |G) ~

€uvpo FH|0)

(GINB) = (Olegupe F* N, 1)

= or | i 20 eSO = ST Ol el ()]
: | (73)

where we have normalised the vacuum as (0]0) = 1.
Therefore, We see from that the Goldstone mode has non-vanishing overlap with a

single photon state. Thus, we see that the Goldstone excitation is the photon itself.
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This is an important fact — the way to think about it is that the vacuum is a sea of
“condensed” strings, where the condensed objects are magnetic and electric field lines

[5]. Long-wavelength wiggles in this sea of condensed strings are what we call photons.

According to S-duality, which interchanges the Wilson and ’t Hooft lines, we can

say both higher form symmetries are spontaneously broken in Free Maxwell Theory

[5 / .

So, we got the answer to our second question, asked at the beginning:

Q. Why photons are massless in D = 47

Ans: Photons are Goldstone modes for the spontaneous breaking of the continuous

magnetic 1-form symmetry associated with the conservation of magnetic flux.

5 Conclusion

In this report, we have presented a systematic discussion of generalized global symmetries
within the framework of quantum field theory, beginning with the familiar case of 0-form
symmetries and extending the construction to higher-form symmetries. By revisiting the
Noether current, Ward identities, and order parameters from this generalized perspec-
tive, we clarified how conserved quantities and topological operators arise naturally as
codimension-(p+1) defects implementing p-form symmetries. We further emphasized how
spontaneous symmetry breaking and the appearance of Goldstone excitations generalize

beyond the Landau paradigm to encompass extended objects such as strings and surfaces.

Applying these ideas to pure Maxwell theory, we demonstrated that the conservation
of magnetic flux lines is a manifestation of a magnetic higher-form symmetry, while the
photon in four dimensions can be interpreted as the Goldstone mode of a spontaneously
broken continuous 1-form symmetry. This not only offers a symmetry-based explana-
tion for the masslessness of the photon but also illustrates how higher-form symmetries
provide a unified language for understanding nontrivial phases and excitations of gauge

theories.

Overall, our analysis reinforces the unifying principle

[ Symmetry in QFTs = Topological operators in QFTs. ]
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This viewpoint captures both conventional and generalized symmetries in a single
framework and highlights how topological defects encode the action of symmetries on

local and extended operators.

More broadly, the framework of generalized global symmetries is emerging as a pow-
erful tool for organizing and constraining the dynamics of quantum field theories, from
high-energy to condensed-matter settings. Its ability to capture phenomena lying be-
yond conventional order parameters — including topological order, deconfined criticality,
and non-Fermi liquids — suggests promising directions for future research. Extending
the present analysis to non-Abelian and non-invertible symmetries, as well as to systems
with dynamical gravity or holographic duals, may further deepen our understanding of

the symmetry structure underlying quantum field theory.
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A S-Duality (Electric-Magnetic Duality) in Maxwell
Theory

S-Duality in Maxwell theory is the invariance of Maxwell equations under the interchange

of electric and magnetic fields. We will explicitly see the calculation below -

Starting with the action of Maxwell’s theory is

1

S=_—
29 MD

F A*F (74)

where F' = dA is (p+1)-field strength of p-form potential A. Now, the equation of motion
can be obtained by varying with respect to A,

65‘:}/ (5F/\*F:1/ d(0A) ANxF (75)
g Jmp g Jmp

Since [da A B = (—1)%/O+L [(o A dB then

55 = (—1p2 L [ sAndwF (76)
g Jmp
As 0S5 =0, hence
dxF =0 (77)

Now, F' = dA and the fact that the exterior derivative operator is nilpotent, i.e, d> = 0,
we get the Bianchi Identity
dF =0 (78)

To write the action in terms of the dual field strength [I5], we introduce an auxiliary
independent (p+ 1)-form field U and (D — p — 2)-form potential B with (D —p —1)-form
field strength H = dB. Hence, the parent action with the Lagrange multiplier term

1
_2g MD

U AU + / (=1)Pd(B AU) + (—1)PT4fB+Ip A qu (79)
MD

Sp U/\*U—i—(—l)p/ dB AU

MD
" 29 Juw

== U/\*U+/ (=1)Pd(BAU) + (-1)P"'B AdU
29 MD MD

To realise that this is the same action [74], vary the above action [T9 with respect to B, we

can identify
dU=0s0,U=dA=F (80)
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Now to obtain the dual action Sp, we again vary the above action with respect to U,

6Sp
Su
1
= —xU+(-1)PdB =0
g U (81)

= «U = —(—1)’9g dB = —(—1)PgH
=U=—(-1)Pg*xH
Substituting this to the action [79]

1
SD:—gz/ *HNH—g H ANxH
MP MP

29
=9 HAxH-g | HA+H (82)
2 MD MD
— 9 HA«H
2 MD

Varying the above action [79| with respect to B, we get the equation of motion
dxH =0 =dF =0; H=x*F (83)

and like before, Bianchi identity,

dH =0 =d+xF =0 (84)
Let’s see another action
1 1
S—/ —FAXF 4+ kANF 4+ -G AxG (85)
MD 2g 2

where F' = dV and G = dA are (p+1)-field strength of p-form potential V| A respectively.

Now, the equation of motion can be obtained by taking variation

08 = 1(5F/\*F—|—/<:(5A)/\F+kA/\éF—i—(5G/\*G
_ / (V) A 4F + FOA) A F+ EAN(Y) + d(04) MG
MD
Collecting the relevant terms with §V/,
1 1
/ —d(OV)A*F +EkEANd(OV) = / —d(0V) A*F + (—1)*Pkd(5V) A A
= / d(oV) A [1*F+kA]
MP 9

Since [da A B = (—1)%/O+L (o A dB then

/ SV A d[(—l)D*p*”d * F 4 (—1)PTEA] (88)
MPD g
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Since the coefficient must vanish for arbitrary dV', thus

d[(—1)D—p§ A F 4+ (1P kA = 0

= d[(—1)P P % F 4 (—1)P gk A] = 0 (89)
= (=1)PPd % (dV) + (—1)" " gkdA =0

Similarly, collecting the relevant terms with J A,

/ K(GA) A F + d(5A) A+G = / R(OA) A F 4 (—1)PP 1A A dx G
MDbP MP (90)

= SANdkxF + (—1)PPd %G|
MD

Since the coefficient must vanish for arbitrary dA, thus

d(-1D)PPd«G +kxF] =0

(91)
= (=1)""Pdx (dA) + kdV =0

To write the action in terms of the dual field strength [I5], we introduce an auxiliary
independent (p+ 1)-form field U and 0-form potential ¢ as Lagrange multiplier to enforce
U = dV = F. Hence, the parent action with the Lagrange multiplier term
1 1
SD:/ —UNANKU +EANU + -GA*xG+dp NU (92)
MD 2g 2
To realize that this is the same action |85 vary the above action [92| with respect to ¢, we

can identify

dU =0s0, U =dV =F (93)

Now to obtain the dual action Sp, we again vary the above action with respect to U,

0Sp
2D _
oU
1
=>—+xU+kA+dp=0
g (94)
=>xU = —glkA + d¢| = —gH
=>U=—gxH
Substituting this to the action [92]
1 1
SD:/ — P xHNH+ -GANxG — gH AN*H
p 2 2
1
:/ gH/\*H—I——G’/\*G—gH/\*H (95)
MD 2

1
:/ _IHAYH + =G A %G
w2 2
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Varying the above action |92 with respect to ¢,

0H = d(69) (96)
Hence,
0=0Sp = / gd(éqﬁ) AxH
M (97)
= (—1)P-r1+1Y / 5o Ndx H
2 MD
Therefore,
dxH =0 =dx[kA+dg] =0 (98)
Varying the above action 92| with respect to A,
0H = k(5A),0G = d(0A) (99)
Hence,
0=4Sp = / I1(5A) A+H + 2d(54) A+G
MD 2 2
= / gk((SA) N*H + (—1)D’p’1“1(5A/\d*G (100)
D 2 2
[ santigre s (1P raxa
MD 2
Therefore,
()P Pdx«G+k«H=0 = (=1)PPd* (dA) + kx [kA+ d¢] = 0 (101)
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