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81 Quivers and their representations

A quiver is a directed graph Q, which we assume to be finite. A representation of a quiver Q)
over a field k is an assignment of

e a k-vector space V; to each vertex i;
e and a k-linear map V,, : V; — Vj to each arrow o : i — j.
Formally speaking,

Definition 1.1 (Quiver). A quiver @ = (Qo, @1, h,t) is a directed graph, where Q) is the
(finite) set of vertices, @ is the (finite) set of arrows, and h,t : Q1 — Qo are maps that
take each edge to its head and tail, respectively.

Definition 1.2 (Quiver representation). A representation V' of a quiver Q = (Qo, @1, h, t)
over a field k is an assignment of a k-vector space V; to each vertex i € (), and a k-linear
map Vo : Via) = Vi(a) to each arrow a € Q1.

A representation V' has a dimension vector dimV" which is the column vector of the dimensions
of the Vj’s for i € Qy. So dimV € N¥ = NI@l ! once we fix an ordering 1,2,...,n of the
vertices.

Definition 1.3. Let V, W be representations of Q = (Qo, @1, h,t). A morphism ¢: V — W
is an attachment ¢; : V; — W; to each vertex ¢ € Qg such that the following diagram
commutes for every a € (Q1:

Va
Vite) = Vh(o)
¢s(cx) (z)h(cx)

W) w. Wh(a)

The identity and compositions of morphisms can be defined naturally. Thus one can form the
category Rep @) of representations of a quiver Q).

Definition 1.4. Given a representation V of a quiver (), a representation W is a subrepre-
sentation of V if for each vertex ¢ € Qg, W; is a subspace of V; and for each arrow o € Q1,
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Wa : Wia) = Wh(a) is a restriction of Vg : Viq) = Vi(a)-

Given any two representations V and W of a quiver ), we can form the direct sum representation
V & W by the natural construction.

Definition 1.5. A representation U of a quiver @) is indecomposable if there does not
exist nontrivial subrepresentations V' and W such that U 2V & W. We denote by Ind @
the set of isomorphism classes of indecomposable representations of Q).

82 Finite-type quivers

Definition 2.1. A quiver (@ is of finite representation type (or finite type, in short) if
it only has finitely many isomorphism classes of indecomposable representations. In other
words, |Ind Q| < co.

Example 2.1. Consider the quiver
e — o

This quiver is known as As. A representation of this quiver is of the form
V——W.

Let V' is a complement of Kera C V, and W’ is a complement of ima C W. In other words,
V=Kera® V' and W =W’ & ima. Then we have

V22 W= Kera——0 & V ——ima @& 00— W, (1)

The first summand can be decomposed into direct sum of a few copies of £k — 0; the second

summand is a direct sum of some k k; the last one is a direct sum of some 0 — k. Therefore,
it has only 3 indecomposable representations, and their dimension vectors are (1,0),(1,1),(0,1).

Example 2.2. Now consider the quiver
C [ ]
We consider representations of the following form:
XaC k

Two such representations (for a # b) are isomorphic if there exists an isomorphism ¢ : k — k
such that the following diagram commutes:

o

Xa
—_—

Ea

T
o

_
xb

This means for every x € k,
¢ (ax) = bo (z). (2)
This is true if and only if a = b. Therefore, there pairwise non-isomorphic representations for

each a € k. Also, these are all indecomposable. When |k| is infinite, there are infinitely many
indecomposable representations.
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In case of k being a finite field, we can just take the vector space k™ along with the endomor-
phism J,,(A), which is the n x n matrix with A in the main diagonal, 1 in the superdiagonal, 0
elsewhere. This is an indecomposable representation. So we have at least one indecomposable
representation for each dimension. In other words, we have infinitely many indecomposable
representations. Hence, this graph is not of finite type.

Gabriel’s theorem classifies all the finite type quivers.

Theorem 2.1 (Gabriel's theorem)
A connected quiver @ is of finite type if and only if the corresponding undirected graph (i.e.
with directions of arrows forgotten) is one of the following:
A, e ° ° e ° °
[ ] [ ] [ ] [ (]
Dy,
[ ]
[ [ [ [ ) [ )
Es
[ ]
[ ] [ ] [ ] [ ] [ ] [ ]
Er
[ ]
[ [ ] [ ] [ ] [ ] [ ] [ ]
Ex
[ ]
These diagrams are called (simply laced) Dynkin diagrams.

Many classification problems feature these diagrams. Examples include graphs whose adjacency
matrices have eigenvalues less than 2, finite type quivers, finite reflection groups, irreducible
root systems, semisimple Lie algebras, among others. Collectively, these are known as the ADE
classifications, named after the Dynkin diagrams A, D,, Fg, Fr, Eg.

83 Graphs of small eigenvalues

Let G be an undirected graph. Then we can consider its adjacency matrix Ag (labeling the
vertices 1,2,...,n):
[Ag];; = number of edges between i and j. (3)

This is a real symmetric matrix. So all its eigenvalues are real. In this section, we shall classify
all the graphs whose adjacency matrices have eigenvalues (strictly) less than 2.

Proposition 3.1
Let G’ be a subgraph of G. Suppose Apax and AL ., are the highest eigenvalues of Ag and
Agy, respectively. Then Apax > N

max-*

Proof. Recall that the largest eigenvalue A4 of an n x n real symmetric matrix A is given by

A= max xAx. (4)
x€R™,[|x|=1
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Let w be a unit eigenvector corresponding to the eigenvector X, .. for Ag. WLOG, the
components of w are non-negative, since replacing w; with |w;| only increases the quadratic
form xT Agx = Y1 22\ (here, m = |G']).

Now, we can assume Ag and Ag are of the same size (if some vertices are missing in G’, we
just put those entries to be 0s). Similarly, we can just extend w with Os in the missing vertices.
As a result,

wl Agw < wl Agw, (5)

because adding 1 in the ij-th entry increases the value of the quadratic form by w;w; (which is
a non-negative number). Therefore,

Moo =wlAgw < wlAgw < mszX” xT AGgX = Amax- (6)
xeR™||x]||=1

Now, consider the following graphs: (trust me, the labels are gonna make sense in a minute)

[ ]
1
Ay
[ ] [ ] [ ] [ ]
1 1 1 1
[ [ ]
1\ /1
f) ° ° ° °
n /2 2 2 2\
[ ] [ ]
1 1
[ ] [ [ [ ] [ ]
1 3 2 3 1
5 [ ]
Eg S
[
1
[ ] [ ] [ [ ] [ [ [
1 2 3 4 3 2 1
Er
[
2
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
2 4 6 5 4 3 2 1
Eg
[
3

Notice that twice the label on a vertex is equal the sum of the labels of its neighbors. Therefore,
2 is an eigenvalue for each of these graphs, because we can form a vector v with these labels,
and then

[Av]j = Z Ajﬂ)i = Z V; = 27)]', (7)
i=1

Ciisa
neighbor of j



5

so that Av = 2v. Therefore, if G is a graph with Apax < 2, then G cannot contain either of
Ay, Dy, Fg, E7, Eg as a subgraph.

Theorem 3.2

If G is a connected graph with A\p.x < 2, then G must be one of the Dynkin diagrams
A’I’L? D?’l) E67 E77 ES'

Proof. We present the proof in the following steps.

1. Since G doesn’t contain Xn, it must be a tree (it automatically excludes self-loops or
multi-edges).

2. Since G doesn’t contain 54, it doesn’t have any vertex with degree > 4. So all the vertices
have degree < 3.

3. Since G doesn’t contain D,, for n > 5, there is exactly one (if any) vertex with degree 3.
4. If none of the vertices have degree < 2, then the graph is A,,.

5. Now, there is a vertex with degree 3 and 3 branches. Since the graph doesn’t contain EG,
at least one of the branches length must be 1.

If two of the branches have length 1, the graph is D,,.
Since the graph doesn’t contain E7, at least one of the other branches’ length has to be 2.

If the branches’ length are 1,2,2 or 1,2,3 or 1,2,4, we get Fg, E7, Eg, respectively.

© 0o N &

Since the graph doesn’t contain E‘g, the branches’ length cannot be 1,2,n with £ > 5.

It’s a straightforward (albeit tedious) task to check that for G = A,,, D,,, Eg, E7, Eg, the matrix
21 — A is positive definite (easy to check using Sylvester criterion). Hence, Apax < 2 for these
graphs. |

84 One part of Gabriel’s theorem

In this section will will prove one direction of Gabriel’s theorem. Let Q = (Qo, @1, h,t) be a
quiver, and let @) be the corresponding undirected graph. We define an “inner product” on R"
(where n = |Qo]) as follows:

B(x,y) =xT (2] — A§> y. (8)
Note that
Q is a Dynkin diagram
eigenvalues of 21 — AQ are positive
B (x,x) > 0 for every x € R™\ {0}
B (x,x) > 0 for every x € Q" \ {0}, since Q is dense in R
B (x,x) > 0 for every x € Z" \ {0}, since we can just multiply it by a positive integer

rreey

B (x,x) > 0 for every x € N\ {0}, since replacing —m by +m decreases B (x, X).
Also, notice that

B(x,x) =2 Z ) Z TiT;. 9)
i=1

i and j
are neighbors

So we can rewrite %B (x,x) using the quiver notation as follows:

1
o8B (xx) = Dt =) Ty Tia). (10)

1€Qo acQ1



Proposition 4.1

If Q@ = (Qo,Q1, h,t) is a quiver of finite representation type, then %B (x,x) > 0 for every
x € N*\ {0}.

Proof. Take m € N™\ {0}. Since @ is of finite representation type, there are only finitely many
representations with dimension vector m.

Consider the following representation: V; = k™ for each i € Qy = {1,2,...,n}; and if a is
an arrow from ¢ to j, then V, : k™ — k™ is any linear map. Two such representations are
isomorphic if and only if there exists g; € GL (k, m;) for each i such that the following diagram
commutes for each arrow « from i to j:

k.mi VD‘ s km]‘

9i gj

K™ ———— kT

Wa
In other words,
Vo = g; ' Wagi. (11)
Let A be the set of all such representations (Va),cq, , i-e-
A= T] Hom (k™) k™) ; (12)

ac@

and G be the group

n

G =[] GL (k,mi).
i=1
Then G acts on A as (11). Two representations V' and W are isomorphic if and only if they are
in the same orbit. Since there are only finitely many indecomposable representations, there are
only finitely many orbits. Note that, the subgroup

Go = { (A ym)icq, 1 A €K} (13)

stablizes every element of A; and it’s a 1-dimensional subgroup. Since A is partitioned into
finitely many orbits,
dim A = dim Orb(a) = dim G — dim Stab(a), (14)

for any a € A. dim Stab(a) > 1 as Stab(a) contains Gy. Hence,
dimA <dimG — 1. (15)

Now, dimG =3, o, m?, and dim A = > e, Mi(a)Mn(a)- Therefore,

1
§B (m,m) = Z m? — Z Mp(a)Mi(a) = dim G —dim A > 1. (16)
i€Qo ac@1

Corollary 4.2

If Q@ = (Qo,Q1,h,t) is a quiver of finite representation type, then its underlying undirected
graph @) is a Dynkin diagram.




85 Roots

From this section onwards, we shall try to prove the other direction of Gabriel’s theorem. That
is, we shall assume that @ is a quiver whose underlying graph @ is one of the Dynkin diagrams
(An, Dy, Eg, E7, Eg). Then @ has only finitely many indecomposable representations. Recall
that, we defined the positive-definite inner product on R™ as

B(x,y) =xT (2[ - A@) y. (17)
We’ve also shown that this is, indeed, a positive definite inner product for Dynkin diagrams.

Definition 5.1 (Reflection). Let V' be a R-vector space equipped with an inner product
(—,—), and a € V. Then the reflection in the hyperplane orthogonal to « is the linear map
Sa : V. — V, defined as

(5,0),,

(@, @)

Sa (B) =B -2

(18)

Definition 5.2 (Root system). Let V be a R-vector space equipped with an inner product
(—,—). A finite set & C V'\ {0} is said to be a root system if the following hold:

1. span® =V;
2. for any o € &, RaN® = {a, —a};

3. ® is invariant under the action of any s,, for any a € ®, i.e. s,P = .

S

. for any a, 8 € 9,
(8, @)

(@, @)

g o = 2 € Z. (19)

The elements of ® are called roots, and the dimension of V is called the rank of ®.

Now, consider the set
R={xeZ" | B(x,x) =2}. (20)

This is a finite set since it’s the intersection of a compact space (the sphere of radius v/2, with
respect to the inner product B) and a discrete space Z". We claim that this is a root system.

1. Notice that
a;=(0,...,0,1,0,...,0), (21)

with 1 in ¢-th slot and 0 otherwise, is in R. So span R = R".

2. Given x € R and c € R,
B (cx,ex) = B (x,x) = 2¢°. (22)

So cx € R if and only if ¢ = +1.

3. Given x,y € R,

Ny x = Zgg:ig = B(y,x), (23)

which is clearly an integer since the entries of x,y and the matrix 27 — A@ are all integers.
4. Reflection preserves length. So B (sxy, sxy) = 2 for x,y € R. Furthermore, the entries of
S5xY =Yy — Ny xX (24)

are all integers. Hence, sxyR C R. Applying sx again, we get sysxR C sxR. But s2 = 1.
So sxR = R.
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So R is a root system. The elements of R will be called roots, and the elements «; will be
called simple roots. Furthermore, notice that the value of B (x,x), for x € Z" is always an even
positive integer. So B (x,x) > 2.

Lemma 5.1
Let a be a root, a = Z;;l k;a;. Then either k; > 0 for all ¢ or k; < 0 for all 4.

Proof. Assume the contrary, i.e., k; > 0, k; < 0. Without loss of generality, we can also assume
that ks = 0 for all s between ¢ and j. We can identify the indices ¢, j with vertices of the graph
T.

;!
€ (A

[ ]
[ ]
0.
[ ]
[ ]

(2
[ ] [ ]

Next, let € be the edge connecting 7 with the next vertex towards j and ¢ be the vertex on the
other end of e. We then let I'1, Iy be the graphs obtained from I' by removing €. Since I is
supposed to be a Dynkin diagram—and therefore has no cycles or loops—both I'1 and I'y will
be connected graphs, which are not connected to each other. (In the diagram below, the left one
is I'; and the right one is I's.)

o~
[ IS
[ ]
0.
[ ]
[ ]

Then we have i € I'y, j € I'y. We define

8= Z EmQp,, ~ = Z ko O, (25)

mel mel's

With this choice we get o« = 3 + ~. Since k; > 0, k; < 0 we know that B # 0, v # 0 and
therefore B(3,3) > 2, B(v,7) > 2. Furthermore,

since I'y, ' are only connected at €. But this has to be a nonnegative number, since k; > 0 and
ki < 0. This yields

B(a,a) =B(B+~,8+7) =B(3,8)+2B(B,7) + B(v,v) >2+0+2=4. (27)

But this is a contradiction, since a was assumed to be a root. |

Definition 5.3. We call a root a = ), k;jo; a positive root if all k; > 0. A root for which
k; <0 for all 7 is called a negative root.

Lemma 5.1 states that every root is either positive or negative.

86 Reflection Functors

Definition 6.1. Let ) be any quiver. We call a vertex ¢ € (Qy a sink if all edges connected
to 7 point towards 1.




We call a vertex i € Qg a source if all edges connected to ¢ point away from .

Let Q be any quiver and i € Q be a sink (a source). Then we let Q; be the quiver obtained from
@ by reversing all arrows pointing into (pointing out of) i. We will now define the reflection
functors (also called Coxeter functors).

Definition 6.2. Let () be a quiver, i € @ be a sink. Let V' be a representation of (). Then
we define the reflection functor

Fi+ :Rep@ — Rep Q;

by the rule

i Vi if & i,
¢ (V)= Ker(p: @, V; > Vi) ifk=i

Also, all maps stay the same but those now pointing out of i. The arrow i — k (in Q;) is
represented as the composition

Ker<p<—>€BVj — V.

Jj—

Definition 6.3. Let Q be a quiver, i € QQ be a source. Let V' be a representation of (). Let
1) be the canonical map

v Vi - PV
Then we define the reflection functor
F~ :Rep@Q — Rep Q;

by the rule

o Vi it k # 1,
i (Ve = Coker(1)) = (@i_m, Vj) fimy if k=i

Again, all maps stay the same but those now pointing into i; The arrow k — i (in Q;) is
represented as the composition

Vi <—>@VJ —» @Vj / im ¢ = Coker ¢.

i—J i—]

Proposition 6.1

Let @ be a quiver, V an indecomposable representation of ().

1. Let i € Q be asink. Then either dimV; = 1, dimV; = 0forj #d;0r o : P, ,; V; = V;
is surjective.

2. Let i € @ be a source. Then either dimV; = 1, dimV; = 0 for j # ¢; or ¢ : V; —
®,_,,; V; is injective.
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Proof. 1. Choose a complement W of im ¢, i.e. V; =W @ im . Then we get

0 > W 0
V.o = T o Vv
0

Since V is indecomposable, one of these summands has to be zero. If the first summand is
zero, then ¢ has to be surjective. If the second summand is zero, then the first one has to
be of the desired form dim V; = 1, dim V; = 0 for j # 7, because else we could write it as a
direct sum of several objects of the type

0 —— k<+—0
[
0

which is impossible, since V' was supposed to be indecomposable.

2. Follows similarly by splitting away the kernel of ).

|
Proposition 6.2
Let @ be a quiver, V' be a representation of Q).
1. If
?: DV > Vi
j—i
is surjective, then
F RV =V.
2. If
vV @Y
1—]
is injective, then
FfFV =V.

Proof. In the following proof, we will always mean by ¢ — j that ¢ points into j in the original
quiver Q. We only establish the first statement and we also restrict ourselves to showing that
the spaces of V' and F;F;FV are the same. It is enough to do so for the i-th space. Let

v PV Vi

be surjective and let
K = ker p.

When applying Ff, the space V; gets replaced by K. Furthermore, let

VK = PV

Jj—1

After applying F,, K gets replaced by

K'= | DV; | /(imy).

Jj—i
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But
imy =K

and therefore
K'=|@V;|/|ker(e: PVi = Vi) | =im(e: PV = Vi)
J—t J—t J—t
by the homomorphism theorem. Since ¢ was assumed to be surjective, we get

K =V,

Proposition 6.3

Let @ be a quiver, and V' be an indecomposable representation of (). Then Fl-+V and F; V
(whenever defined) are either indecomposable or 0.

Proof. We prove the proposition for F;FV - the case F V follows similarly. By Proposition 6.1
it follows that either

v PV -
is surjective or dimV; = 1,dimV; =0, j # 4. In the last case
F'v =o.
So we can assume that ¢ is surjective. In this case, assume that FZ-+V is decomposable as
F'V=XaY

with X, Y # 0. But FZ*V is injective at ¢, since the maps are canonical projections, whose direct
sum is the tautological embedding. Therefore X and Y also have to be injective at ¢ and hence
(by 6.2)

F'F X=X, F'F Y=Y

In particular
F~X#0, FY #0.

Therefore
V= Fi_FZ-JrV =F XQFY

which is a contradiction, since V' was assumed to be indecomposable. So we can infer that
FV

is indecomposable. |

Proposition 6.4

Let @ be a quiver and V a representation of Q.

1. Let i € @ be a sink and let V' be surjective at i. Then

d(FV) = 5;(d(V)).

2. Let i € @ be a source and let V' be injective at i. Then

d(F7V) = si(d(V)).
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Proof. We only prove the first statement, the second one follows similarly. Let ¢ € @) be a sink
and let
o DY

be surjective. Let K = ker ¢. Then
dimK = " dimV; — dim V;.
J—>i
Therefore we get

(d(FFV) —d(V)), =) dimV; —2dimV; = =B (d(V), o)

3
J—
and

(d(FV) — d(V))j =0, j#i.

This implies
d(F; V) = d(V) = =B (d(V), ) a

& dETV) = d(V)=-Bd(V), o) = s (d(V)).

§7 Coxeter elements

Definition 7.1. Let Q be a quiver and let I" be the underlying graph. Fix any labeling
1,...,n of the vertices of I'. Then the Coxeter element ¢ of () corresponding to this labeling
is defined as

C = 851582...8n.

Lemma 7.1
Let

B=) kia;
with k; > 0 for all ¢ but not all k; = 0. Then there is N € N, such that

CNB

has at least one strictly negative coefficient.

Proof. ¢ belongs to a finite group W. So there is M € N, such that

M _ 1,

We claim that
l+c+P+-+cM1=0

as operators on R™. This implies what we need, since § has at least one strictly positive
coefficient, so one of the elements

2 M—1
cB,c°B,...,c I}

must have at least one strictly negative one. Furthermore, it is enough to show that 1 is not an
eigenvalue for ¢, since
Itec+P+-+MHo=w+#0

= cw:c(1+c+c2+~-—|—cM71)v:(c+02+c3+-"+CM71+1)v:w.
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Assume the contrary, i.e., 1 is a eigenvalue of ¢ and let v be a corresponding eigenvector.
CU=vV = 8§1...S0=0

= S9...8,0 = S10.
But since s; only changes the i-th coordinate of v, we get
s;tv=v and Sy...8,V = 0.
Repeating the same procedure, we get
8V =0
for all 7. But this means
B(v,a;) = 0.

for all 4, and since B is nondegenerate, we get v = 0. But this is a contradiction, since v is an
eigenvector. |

8§88 Proof of Gabriel’s theorem

Let V be an indecomposable representation of (). We introduce a fixed labeling 1,...7n on @,
such that ¢ < j if one can reach j from ¢. This is possible, since we can assign the highest label
to any sink, remove this sink from the quiver, assign the next highest label to a sink of the
remaining quiver and so on. This way we create a labeling of the desired kind.

We now consider the sequence

vO =y, v = Fry, v = FF FrV, L

This sequence is well defined because of the selected labeling: n has to be a sink of (), n — 1 has
to be a sink of @, (where @Q,, is obtained from @ by reversing all the arrows at the vertex r)
and so on. Furthermore, we note that V(" is a representation of @ again, since every arrow has
been reversed twice (since we applied a reflection functor to every vertex). This implies that we
can define

vl — pry )

and continue the sequence to infinity.

Theorem 8.1

There is m € N, such that
d (V(m)) = @y

for some p.

Proof. If V() is surjective at the appropriate vertex k, then
d (V(i“)) —d (F,jV@')) — sd (V@) .
This implies, that if V(© ..., V=1 are surjective at the appropriate vertices, then
d (V@)) — o Sp_1snd(V).

By Lemma 7.1 this cannot continue indefinitely - since d (V(i)) may not have any negative
entries. Let ¢ be smallest number such that V# is not surjective at the appropriate vertex. By
Proposition 6.3 it is indecomposable. So, by Proposition 6.1, we get

VD) = a,
for some p. |

We are now able to prove Gabriel’s theorem. Namely, we get the following corollaries.
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Corollary 8.2

Let @ be a quiver, V' be any indecomposable representation. Then d(V') is a positive root.

Proof. By Theorem 8.1
Siy - Sip, (A(V)) = ap.

Since the s; preserve B, we get

Bd(V),d(V)) = B(ap, ) =

Corollary 8.3
Let V, V' be indecomposable representations of @ such that d(V) = d(V’). Then V and V'

are isomorphic.

Proof. Let i be such that
(V) = a.
Then we also get d (V' ) = /a,,. So
V'O =y =y,

Furthermore we have
vO =gt FF EFVO
V'O =Ff L ER FRVO.
But both V=1 .. vV and v/ =1 ¥’ (9 have to be surjective at the appropriate vertices.
This implies
FoF . PV { FiFy... F,{F,{ . F,;EIF;“V/(O)O = V/(O)O = V/
n F F, . .F R ...EFL FFV O =y O =y

These two corollaries show that there are only finitely many indecomposable representations
(since there are only finitely many roots) and that the dimension vector of each of them is a
positive root. The last statement of Gabriel’s theorem follows from

Corollary 8.4

For every positive root «a, there is an indecomposable representation V' with

d(V) = a.

Proof. Consider the sequence
SnQly Sp—1SnQt, - . .

Consider the first element of this sequence which is a negative root (this has to happen by
Lemma 7.1) and look at one step before that, calling this element 5. So 3 is a positive root and
s; 3 is a negative root for some i. But since the s; only change one coordinate, we get

B=q

and
(8q---8p—15n)0 = Q.
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We let k(;) be the representation having dimension vector «;. Then we define
V=FF ... F(;k(z)
This is an indecomposable representation and

d(V) = a.

8§89 Kac’s theorem

The heart of the proof of Gabriel’s theorem was that if « is a positive root, then there is exactly
one indecomposable representation of dimension vector o. There are finitely many such positive
roots since the root system consists of elements of Z™ having norm /2, with respect to the inner
product B.

Now, when @ is not of ADE-type, then B is not a positive-definite inner product. So we
cannot say that there are finitely many roots in that case. However, it still holds that there
is exactly one indecomposable representation corresponding to each positive (real) root. The
precise statement of the result is given by Kac’s theorem.

Theorem 9.1 (Kac's Theorem)

For a quiver @,

1. There exists an indecomposable representation of dimension « if and only if o € &7,
the set of positive roots of Q.

2. If o € @, the set of positive real roots, then there exists exactly one indecomposable

representation of dimension c.

3. If a € <I>ifn, the set of positive imaginary roots, then there exist infinitely many

indecomposable representations of dimension c.

Here &1, <I>itn denote the sets of positive roots, positive real roots, and positive imaginary

roots, respectively (to be defined shortly). In this paper, we will prove a weaker version of
Kac’s Theorem, which we will refer to as the weak Kac’s theorem. It will mainly use deformed
preprojective algebras and properties of roots.

Theorem 9.2 (Weak Kac's Theorem)

Suppose « is indivisible. Then there exists an indecomposable representation of dimension
« if and only if v € ®T.

8§10 Roots and preprojective algebras

For each vertex z € Qo, let £, denote the standard basis vector in R?0 (or C?0) corresponding
to 2. We define the reflection o,: R0 — R?0 by

os(a) = a — (a,e4)es, for a € R,

where (-, ) denotes the symmetric bilinear form associated with the quiver, which is the same as
B(-,-) introduced earlier. This reflection can be extended linearly to o € C%0 as

(0: ) (y) = Ay) = (ex, €)M (),

for all A € C¥ and y € Qy.
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We can now define the set of real roots as

(Dre - U W€x7
z€Qo

where W is the Weyl group generated by the reflections o,. The positive and negative real roots
are given respectively by

ot = d,, NN@O, P = Py N (—N@0).

To define the set of imaginary roots, we first introduce the notion of support. For o € N%o,
define the support of o, denoted supp(«), as the set of all nonzero dimension vectors 3 such that
o — 3 is also a nonzero dimension vector.

Let K C N9 be the set of all nonzero dimension vectors « such that the support of « is
connected and

(a,e4) <0 for all z € Qo.

Definition 10.1 (Imaginary Roots). Define

of =WK, o = —@In, iy = @;“n ue, .
Note that (a,a) = (g4,6,) = 2 for all @ € Py, while (o, ) < 0 for all & € P;y,. Hence,
P NPy = 2.
We will prove a weak version of Kac’s Theorem for the particular case where « is indivisible,
meaning that it cannot be written as o = kayg for any k € N\ {1} and some dimension vector .
We then show that there exists an indecomposable representation of dimension « if and only if

ae€dt =0 UDL.

The first step in proving the weak Kac’s Theorem will be to show that the existence of
an indecomposable representation of indivisible dimension « is independent of orientation.
For Gabriel’s Theorem, we established this when @ is acyclic, without any restriction on the
dimension vector.

Let @ = (Qo, @1, h,t) be a quiver, where h,t: Q1 — Q) are the head and tail maps, respectively.
We define the double quiver Q = (Qo, Qq,h,t) as follows: for each arrow a € @1, define an
opposite arrow a* such that

Then we set o
Q1 ={a" | acQ1}, Q= Q1UQ1T.

The opposite quiver Q* is the quiver with the same set of vertices ()g and arrows )] only.

Definition 10.2 (Deformed Preprojective Algebra). For A\ € C?0, define the deformed prepro-
jective algebra by

Iy = CQ/(r)),

where

Ty = Z (a*a — aa®) — A,

a€Qq

viewed as an element of CQ by identifying A with zero A(z)ey, and e, are the primitive
idempotents corresponding to vertices x € Qp.

A useful way to interpret Rep, (II)) is as a subset of

Rep,,(Q) @ Rep,(Q7),
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consisting of pairs of representations (V, W) satisfying the relation

> W(@HV(a)— Y V(@W(a*) = Az) o), forall z € Qo.

a€Q1 ac@Q
t(a)=x h(a)=z

This perspective will make the following definitions and constructions particularly useful.

Definition 10.3 (The Moment Map). The moment map

fio - Repo (Q) ® Repy(Q*) — @D End(C*™)
z€Qo
is defined by
pa(V,W) = > W(a)V(a) - > V(eW(a").

a€Q1 acQn
t(a)=x h(a)=xz

This makes 115 (A) = Rep,(I), where A has been identified with (A(z)14(,), = € Qo). Note
that we continue to use this identification.

Lemma 10.1
If A(a) # 0, then Rep,(I1) = @.

Proof. We note that if p1o(V, W) = (A(z),z € Qo), then

> Tr(Ax) = Y Te(W(a*)V(a) — V(a)W(a")) = 0.
z€Qo acQ
Hence, if (V, W) € ug*(\), it follows that
0= Z AMz)a(z) = Ma).

z€Qo

Let V be a representation of () of dimension «. Then the following sequence is exact:

0 — Homg(V,V) — @D End(C*™)) — € Hom(V(t(a)), V(h(a))) — Extg,(V, V) — 0.
x€Qo a€Q

Note that End(C*®)) = Home(V (z), V(z)). By dualizing and identifying

Rep, (@) = @ Home(CM,C") = € Home(V (#(a)), V(h(a)))",

a€Qq acQ1

and identifying End(C*®)) with End(C*®))* we obtain the exact sequence

1 * o Mo a(z)y Y *
0 — Ext,(V, V)" — Rep,(Q) = @) End(C*™)) & Homg(V,V)* — 0,
z€Qo

where the map 1Y = 1o (V, =) : Rep, (Q*) — D.co, End(C*®),

The last result we need to prove for the independence of orientation is the following. By
an indecomposable summand of V, we mean an indecomposable representation W such that
V =W @Y for some representation Y.
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Theorem 10.2
We have

()TN #@ <  MdimY) = 0 for every indecomposable summand Y of V.

Proof. If (uY)~Y(\) # @, then by exactness we have y(\) = AM(a) = 0. Let p: V — V be the
projection onto an indecomposable summand Y. Then

0=7(NP) = Y A)Tr(p(r)) = A(dimY).

z€Qo

Conversely, suppose V is indecomposable and A(a) = 0. We will show that y(\) = 0,
which by exactness implies (u))~'(\) # @. The endomorphisms of V are spanned by the
identity and nilpotent endomorphisms, so it suffices to check these two cases. We already know
Y(A)(1y) = Ma) = 0. If f € Endg(V) is nilpotent, then

YN = D Tr(A@)f(x)) =0,

z€Qo

since the trace of a nilpotent matrix is 0. Thus v(\) = 0 and therefore u_1()\) # @.
fV=V&-. &V, with each V; indecomposable of dimension «;, then by the previous case
there exist (V;, W;) € Rep,, (IL)). Hence (V, W1 @ --- & W) € ugt(N). [ |

We can now conclude that orientation does not affect the existence of an indecomposable
representation. This theorem is also the main reason why we will need to restrict to indivisible
dimension vectors.

Theorem 10.3

Suppose that « is an indivisible dimension vector. Whether there exists an indecomposable
representation of () of dimension « is independent of the orientation of Q.

Proof. Let Q and @' be quivers that differ only by orientation. Then their double quivers Q
and @/ are the same. We first show that we can choose A € C?0 such that for all § € Z%0, we
have A(f) = 0 if and only if g is a rational multiple of .

Let n = |Qp|. Choose 61, ..., 6"~ € Q" such that

fee@[60() =+ = 5" () = 0}

is the Q-span of . Let A\ = 160 + o4, 160D where t1,...,th—1 € C are linearly
independent over Q.

Clearly, A(8) = 0 when 8 = ta for some t € Q. Now assume A(S) = 0. Since the ¢; are
independent, it follows that 6 (8) = 0 for each i, so 8 lies in the Q-span of a. Thus 8 = ta.

Let V be an indecomposable representation of ) of dimension . Then V' can be lifted to a
representation Z of Q. Restricting Z to Q' gives a representation V’. It follows by Theorem 10.2
that A(dimY’) = 0. By the above remark, this implies that dimY is a rational multiple of .
Since « is indivisible, we must have dimY = 0 or dimY = «. Thus V' is indecomposable. W

8§11 Proof of weak Kac’s theorem

We start by establishing some cases when there must exist an indecomposable representation of
a certain dimension.

Lemma 11.1

Let « be an indivisible dimension vector. Suppose that there exists an indecomposable
representation V' of @ of dimension o. Then either o = &, and V = S, or 0,(a) € N@°
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and there exists an indecomposable representation of dimension o, ().

Proof. Let @' be a quiver differing from @ only by orientation, where z is a sink. Then we know
that there exists a representation V' of Q" of dimension «. The statement then follows directly
from Proposition 6.3.F, (V') = 0 or not. [ |

Theorem 11.2

Suppose a € N9 is indivisible, and 8 = w(a) for some w € W. Then there exists an
indecomposable representation of dimension « if and only if there exists an indecomposable
representation of dimension 5 or —pf.

Proof. Write w as w = 04, -+ - 04,. We use induction on r to prove the statement. When r = 0,
the result is clear.
Assume by induction that there exists an indecomposable representation of dimension -y, where

v=2d0y_, 05 (a), and [ = Lo, (7).

We apply Lemma 11.1. First, suppose that o, (7) ¢ N®° and v = ¢,,. Then o, (y) = —¢,,, 50
the simple representation Sy, is an indecomposable representation of dimension £4.

Now suppose that o, (v) € N@o_ Then directly from Lemma 11.1, there exists an indecom-
posable representation of dimension o, () = £0. |

We now prove the results we need about the roots in order to establish the weak Kac’s
Theorem using the previous two lemmas.

Lemma 11.3

For every o € &
moreover,

=, there exists an indecomposable representation of dimension «, and

Qo =L UDL.

Proof. By definition, we know that o = w(e,) for some w € W. From Theorem 11.2, we know
that there exists an indecomposable representation with dimension o or —q. Since « is assumed
to be positive, it must correspond to a representation of dimension . |

Lemma 11.4

If a € K, then there exist infinitely many indecomposable representations of dimension «.

Proof. In order to prove this lemma, we need another result:

Lemma 11.5

Suppose that « is a dimension vector such that a(z) > 0 for all x € Qp, and («,&,) < 0 for
all x € Qp. If B € supp(«), then we have (5, — ) < 0. Moreover, if (8, — ) = 0, then
B is proportional to a and (a, e,) = 0 for all x.

Proof. Without loss of generality we may assume that the support of a is Q9. We have

2
0> %Z @8 -2 a@atene)

Zﬂ y €x: Ey) ZB y) (e, &y) (28)

-3 50 10— (8.8).
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Replacing 8 by a — 8 in (28) and then adding that to (28) again gives

0> Z B(x)? + (a(x) — 5(:6))2(%’@) (BB —(a—B.a—p)

a(z)
p(x)) (29)

a(a:)_ (exy) = (B,8) — (a — B,a— B)
> (a,a) — (B8,8) — (= B,a— B) =2(a — 3,5)

because (., ) < 0 for all z € Q.
Suppose that (8, — ) = 0. Then we must have equality in (28), so 3 is proportional to a.
We also have equality in (29), so (e5,a) = 0 for all z € Qo. [ |

Now we get back to the proof of Lemma 11.4. Without loss of generality we may assume that
the support of « is Qp, i.e. a(x) > 0 for all z € Qy. So Q is a connected quiver.

Suppose that 3 € supp(a). We can view Repg(Q) @ Rep,_s(Q) as a subspace of Rep,(Q).
Consider the morphism

Qbﬁ : GLg X Repﬂ(@) ® Repa—B(Q) — Repa(Q)

defined by (A,V,W) — A- (V@ W). Let Zg be the Zariski closure of the image of ¢). The
tangent space of GL, at the identity 1, is naturally isomorphic to @erO End(C*®) and the
tangent spaces of Rep,(Q) can be identified with Rep, (Q) itself. The tangent map (di’g)1,v,w)
at (1,V,W) is given by

(e a v (V0 i)+ (Y57 i) = (57 wio) 400 ec ).

If the (A(z),x € Qo) has the block form

B 0

0 C)’
then the image lies in Repg(Q) © Rep,_3(Q). So the dimension of the image of the tangent
map is at most

dim Repj(Q) + dimRep,_4(Q) + 3 (a(2)? - 8(2)? - (a(z) - B(z))*)

2€Qo

= _</8aﬁ> - <a - ﬁ,a - B> + <OL,O(> + dimRepa(Q) = dimRepa(Q) + (5704 - 5)

So the tangent map induces a linear map

End((CO‘(I)) Repa(Q)

Ié@g End(CA®)) @ End(Ca®)-5()) 7 Reps(Q) @ Rep,_5(Q)°

The codimension of the image is at least

dim Rep, (Q) — dim Repg(Q) — dimRep,_5(Q) — Y (a(2)® = B(2)* — (= B)(2)?)

z€Qo

= —(a,) + (B,8) + (a — B,a — B) = —(B,a — ).

We have (8, — ) > 0 for all § € supp(«) by Lemma 11.5.

Suppose that (3, — ) = 0 for some 5 € supp(«). Then 3 is proportional to « and (a,e,) = 0
for all x € Qo by Lemma 11.5. In particular we have (o, @) = 0. If v is any dimension vector,
then there exists a positive integer m such that ma — ~ is a dimension vector. So we have

—m(vy,7) = (v,ma —v) <0.
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This shows that (v,7) > 0 for all dimension vectors. So ) must be an extended Dynkin quiver.
In this case we already know that there exists an indecomposable representation of dimension «a.

Suppose that (8,a — ) > 0 for all 8 € supp(«). Then Zs has codimension > 1 for all
B € supp(«). Any representation in

Rep,(@)\ | 2s

Besupp(a)

is indecomposable. |

Theorem 11.6 (weak Kac's Theorem)

Suppose that « is indivisible. Then there exists an indecomposable representation of
dimension « if and only if o« € .

Proof. We have already shown that if « € @}, then there exists an indecomposable representation
of dimension « in Lemma 11.3. We now show that if a € @;{n and is indivisible, then there exists
an indecomposable representation of dimension .

Let 8 € K such that w(B) = a for w = 0y, - - - 05, € W. This exists by definition. Note that if
S was not indivisible and was equal to 8 = sf’, then w(3) = w(s8’) = sw(B’) = a. This would
contradict a being indivisible.

We will now use induction on r. If » = 0, then S = a and the statement is true. Now assume
the statement holds for v = o, _, ---04,(8). We apply Lemma 4.8. If a = o, (y) ¢ N%,
then v = €5,. Then a € &, N &3, = &, a contradiction. Hence o € N% and there exists an
indecomposable representation of dimension «.

The final step is to show that if there exists an indecomposable representation of dimension «,
then o € ®*. We show this by induction on |a|= 37 o a(z). If [a|= 1, then this must be a
simple representation.

Suppose |a|> 1 and there exists an indecomposable representation of dimension «. If there
exists € Qo such that (a,e,) > 0, then

lozal= la|=(a, &) < af.

By our induction hypothesis, o,a € ®*. Then o2a = a implies a € ®+.

Suppose instead that («a,e;) < 0 for all z € Qg. We also know that the support of « is
connected, since otherwise we could decompose it. Therefore o € K, so by Lemma 11.4 there
exists an indecomposable representation of dimension c. |
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